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Abstract

Symmetries of Unimodal Singularities and Complex
Hyperbolic Reflection Groups

Joel Anthony Haddley

April 2011

In search of discrete complex hyperbolic reflection groups in a singularity
context, we consider cyclic symmetries of the 14 exceptional unimodal func-
tion singularities. In the 3-variable case, we classify all the symmetries for
which the restriction of the intersection form of an invariant Milnor fibre to
a character subspace has positive signature 1, and hence the corresponding
equivariant monodromy is a reflection subgroup of U(k — 1,1). For such
subspaces, we construct distinguished vanishing bases and their Dynkin di-
agrams. For k = 2, the projectivised hyperbolic monodromy is a triangle
group of the Poincaré disk. For k = 3, we identify some of the projectivised

monodromy groups within a recently published survey by J. R. Parker.
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Chapter 1
Introduction

One of the most famous classical results in singularity theory is the Arnold
and Brieskorn discovery of the close relationship between simple function
singularities and Weyl groups A, D,,, E, [1, 6]. A few years after it, Arnold
extended the relationship to simple singularities with the Z, reflection sym-
metry and Weyl groups B, C,,, Fj.

Consideration of Z,, symmetries of simple functions led in [11, 12, 13,
22] to the appearance of Shephard-Todd groups in function singularities.
The emphasis there was on realisations of the complex reflection groups as
equivariant monodromy groups acting on the appropriate character subspaces
in the homology of invariant Milnor fibres, and on the coincidence of the
discriminants of the reflection groups and of the Z,,-equivariant functions.

A further series of papers [14, 15, 16], on cyclic symmetries of the parabolic
functions, brought in similar singularity realisations of certain complex crys-
tallographic groups [20].

In this thesis, we are naturally expanding the programme to cyclic sym-
metries of the 14 exceptional unimodal function singularities on one hand,
and complex hyperbolic reflection groups on the other. The basic idea is as
follows. In the 3-variable case, the intersection form on the vanishing homol-
ogy of an exceptional unimodal function f is non-degenerate and has positive
signature 2. Assume g is an automorphism of C? of finite order m, and our

function is g-invariant. Then g acts on the second homology of the Milnor



fibre f~1(g), and decomposes it into a direct sum of the character subspaces
H,, xX™ = 1, on which g acts as multiplication by x. Assume the rank 2
positive subspace of the intersection form splits between two character sum-
mands. Then we discover that the monodromy within a g-invariant versal
deformation of f acts as a complex hyperbolic reflection group on each of
the two summands. Developing further the technique introduced in papers
on cyclically symmetric functions [11, 12, 13], we can construct vanishing
bases in the hyperbolic summands and obtain the generating reflections as
the corresponding Picard-Lefschetz operators.

The main result of the thesis is a complete classification of the symmetries
of the 14 singularities, which split the positive subspace in the vanishing
homology, and the description of the complex hyperbolic groups arising. The
latter is done via construction of the distinguished vanishing bases in the
relevant character subspaces, and via calculation of the Dynkin diagrams
for such bases. All the rank 2 reflection groups obtained projectivise to the
triangle groups of the Poincaré disk, while projectivisations of some of our
rank 3 groups may be found in [18].

It should be noted that it is the first time when complex hyperbolic
reflection groups are appearing in a singularity theory context.

The thesis is organised as follows. Chapter 2 introduces the notion of
singularities with symmetry, recalls the definitions and constructions given
in [11, 12, 13], and states the exact problem we are solving in this thesis. In
Chapter 3 we give an exposition of results coming from previous papers (those
already mentioned as well as [14, 15, 16]), for ease of reference when consid-
ering the later chapters. The classifications for the invariant and equivariant
problems are given in Chapter 4. Finally, Chapter 5 discusses properties of
the monodromy groups and identifies some of the low dimensional groups.

The author wishes to acknowledge useful discussions with John Parker
and Anna Pratoussevitch on complex hyperbolic reflection groups, and con-
tinued help and support from the thesis supervisor Victor Goryunov. Thanks
also to Fawaz Alharbi, Graham Reeve and Oykii Yurttas for a friendly and

lively atmosphere in our postgraduate student office.



Chapter 2

Singularities with Symmetries

2.1 Equivariant monodromy

2.1.1 Symmetries and deformations

Our main object of study will be pairs (f,g) consisting of a holomorphic
function germ f : (C"*' 0) — (C,0) with an isolated singularity of right
equivalence class X (denoted X > f), and a finite order automorphism g of
(C™*1,0) such that fog = kf, for some constant x € C. The automorphism
will be called either an invariant symmetry of the function when x = 1, or
an equivariant symmetry of the function when s # 1. We will not distinguish
between pairs (g, k) generating the same cyclic group acting on C"™! & C.

Since the automorphism ¢ is constrained by f, we may identify ¢ with a
linear map A € GL(n + 1,C). This map may be diagonalised D = P~*AP,
where matrices P!, P may be viewed as diffeomorphic coordinate changes
on (C™™ 0) thus preserving the right equivalence class of f.

Assume the coordinates g, ..., z, in (C"*1 0) are chosen so that g is

diagonal according to the previous paragraph. Consider a deformation

k
Fy=f+> A (2.1)
i=1
of the function f, where the \; are parameters, and {¢1, ..., ¢} is the set



of all g-equivariant (i.e. p; o g = kip; for all i) elements of a monomial basis
of the local ring Qs of f,

C Toy---, T
Qf = a[ a8

of of

(o o)

In the standard sense, the deformation F' is a g-versal deformation of f. We
refer to F, as an nwvariant or equivariant deformation of f (depending on

context).

All through the thesis, we use notation &,, for €>™/™_and reserve w for 3.

Example 2.1. Let f be a quasihomogeneous function of degree N with
respect to the weights wy, . .., w, € N of the coordinates z; on C**'. Assume
gcd(wy, . .., wy,) = 1, in which case N is the Cozeter number of f. Consider

the Coxeter transformation
C: zjmexay, j=0,...,n,

of C**!. This is an invariant symmetry of f. The Coxeter element C' gen-
erates a discrete subgroup of U(1) corresponding to the values of f making
one full anti-clockwise rotation in C about the origin. Take for an invariant
symmetry g of f a power of C' that has order m: g = C?, ¢" = id. Then
the ¢; in (2.1) are exactly those elements of a monomial basis of )y whose
degrees are divisible by m.

In the equivariant case, suppose the deformation monomial of minimal
degree ¢’ has degree d’. Then the symmetry ¢g on the meromorphic function
f/¢ is invariant, and the ¢; in 2.1 are exactly those elements of a monomial
basis of (); whose degrees d are such that (d — d') is divisible by m. This
generalisation also holds for the invariant case since the constant monomial
is of degree 0 (cf. [22] and [23]).

Example 2.2. Consider the singularity F\, with normal form f = a3+y7+22
with the invariant symmetry g(z, vy, 2) = (z, &7y, z). The order of ¢ is 7. The

monomials preserved by this symmetry are 1,z of weight 0, 14 respectively.



These are the only elements of a monomial basis for )y with weights divisible
by 7 (see Table 2.1 on page 11).

We shall use the notation A for the base C* with coordinates i, ..., g

of a g-miniversal deformation (2.1) of a function f.

Definition 2.3. The discriminant ¥ C A of f is the set of all values A € A
of the parameters for which the members of the family F, have critical value
0.

For a versal deformation (i.e. take g to be the identity) the deformation F,
at a generic point A € A has no critical point with value 0 and its derivatives
are smooth. This is not necessarily true when ¢ is not equal to the identity
map, and the following definition is required in order to maintain this generic

behaviour.

Definition 2.4. A deformation Fj, is said to be smoothable if the discriminant

> C A is a hypersurface.

Since for an invariant deformation a non-zero constant function must be

among the ¢;, the deformation is smoothable.

Proposition 2.5. If an equivariant deformation is smoothable, then at least

one of the ©; must be linear.

Proof. Assume otherwise. Then the ; of lowest degree must be at least
quadratic, and for any A € A there is a critical point at the origin of C**!

on the zero level. O

In what follows we will be working with representatives of germs of functions
and sets we have introduced, but we will be still denoting them by the same

letters.

2.1.2 Roots of the Coxeter transformation

For a singularity X > f, let C' be the Coxeter transformation of order N

given in coordinates by

C(xo,...; f) = (exo,...5f), (vya)=1, «a,a€Z

a

b}



where o/a = w,, /N is the weight of xy, normalised so that the weight of f

is wy = 1. Take the canonical choice for the root

1
s

(€a)

= Eas)

which we apply to each coordinate in turn to define the map

1

CE(ZEO?,..;f) - (ggsx(]’"';gsf)'

The map O and each of its powers gives an equivariant symmetry of f.
Consider the b"* power

Cs = (%x,...,¢°f),

as*’? ]

where we may choose b such that ged(b,s) = 1, since we otherwise would
have chosen a different value for s.

By proposition 2.5, any smoothable equivariant deformation has a linear
term in its deformation. Assume without loss of generality that this is the
monomial xg. Then

ab _ b

Eas — E¢-

For this equality, we must choose b such that a|b. Since N is the Coxeter
number, we generate all possible non-equivalent equivariant symmetries by
letting b run through all divisors of N such that if b; and b; are two choices
for b, then b; and b; have pairwise distinct greatest common divisors with N
for all 7 # j. We may then find other equivariant symmetries by changing n.

The order of the symmetry is m = sN/b.

2.1.3 Basic equivariants

Definition 2.6. If g is an equivariant symmetry of the function f such
that the monomial xy appears in the g-versal deformation, then it is an
invariant symmetry of the meromorphic function f/z,. We choose g,, to be
a symmetry of this type of highest order, and call g,, the basic equivariant

of f with respect to xg.

If we find g, = C g, or this composed with an invariant symmetry, for some



b, s, then we may use the argument above to classify all equivariant defor-
mations of f preserving x.

Most of the invariant symmetries that will appear in our consideration

T, x; €1
L[IZL‘Z'P—>{ v Z€

—x;, x; €1

are the involutions

where I C {xo,...,2,} is a subset of the coordinates. E.g.

Le(z,y,2) = (—x,y, 2).

Example 2.7. For E\5 > f = 23 + y” + 22, the Coxeter transformation is
given by
Clz,y,2 f) = (wz,e79, —2; f).

The basic equivariant g, in an invariant symmetry of highest order of the

meromorphic function f/x = 2% +y"/z + 2?/z. We may take

gx(xvyvz; f) - <—l’,€i’4y, _227 _f)7

and we have

(NI

2.1.4 Symmetric Milnor fibre and its monodromy

To define a Milnor fibre of the function germ f with isolated singularity,
we follow the usual procedure. Namely, we take a closed ball B ¢ Cr*!
of sufficiently small radius and centred at the origin, and assume that the
deformation base A is a very small ball. Then a Milnor fibre V is F} '(0)N B
provided A is non-discriminantal (A € A\ ). In good cases, for example
when the function is quasihomogeneous with positive weights, we may expand
our deformation representative from the product of the balls to the whole
C™™! x A. For more details see [5], Sections 1.7 and 1.10.

Let us fix a generic point * € A\ 3. The Milnor fibre V, is homotopic to

a wedge of y n-spheres, where p is the Milnor number of f. A symmetry g



sends V, into itself. Therefore, its nth homology, of total rank pu, is a direct

sum of character subspaces
H,(V,,C) =®m_1H,, (2.2)

where m is the order of the automorphism ¢, and g acts as multiplication by
X on H,.

There is a standard way to define elements of the H, analogous to the
ordinary Morse vanishing cycles. Namely, let W be the quotient of the fibre
V. by the action of the group Z,, generated by g, and W’ C W its subset
of irregular orbits. Since all functions F) in the family F' are g-invariant
(or equivariant depending on context), a path in A \ ¥ from the point
to a generic point of the discriminant defines - at least in all our cases - a
vanishing cycle o € H,(W,W’;Z): similar to what has been observed and
used in [2, 11, 12, 13], in all our cases it is easy to see a generator of the
relative integer homology which contracts to a point on the approach to the
discriminant. The inverse image of this relative cycle in V, consists of m
chains o0y . .., 0,,_1, with the orientation inherited from o, and ordered in the
cyclic way:

g(gz) = O(i+1) modm-

For appropriate values of x (the notation X denotes its conjugate), and in all

the cases which will follow, the linear combination

is a cycle, and thus provides an element of H,.. We call o,, a vanishing x-cycle.
See Figure 2.1. Examples of these calculations are given in Chapter 3.
The monodromy representation of the fundamental group m (A \ X, %) on
H,(V,,C) is a direct sum of the representations on the individual summands
H,,. We denote the corresponding monodromy groups M, .

Depending on the parity of n, the intersection form on H,(V;, Z) naturally

extends to H,(V,,C) in either an Hermitian or skew-Hermitian way. Assume



Voo . T X

quotient map quotient map

g W,éa

Figure 2.1: Diagram showing y-cycles as cyclic covers of chains.

that a vanishing x-cycle o, has a non-zero self-intersection number (o, o,).
Then according to [4, 8, 11] the related Picard-Lefschetz operator in M, may
be brought into the form

(c, o) o

hy : ch—i—(e—l)(U .
X Tx

X
where e is the eigenvalue of the operator on o,. This is a (skew-)Hermitian
reflection on H,.

To obtain a generating set of the M,, we proceed in the traditional man-
ner. For this, we start with a generic line L C A passing through the base
point x. Let ¢y, ..., ¢, be the points at which L meets ¥. We choose a distin-
guished system of paths on L, that is, paths v1,...,7, in L, starting at x and
leading to the ¢;, which have no self- and mutual intersections except for the
point « itself. The Picard-Lefschetz operators h;, on the H, corresponding
to the paths of the system generate M,. Thus knowledge of the eigenval-
ues of the h;, and of the intersection numbers of the x-cycles vanishing at

ci,...,¢r yields a description of the monodromy group M,,.

2.2 The exceptional unimodal functions

Now assume that f is one of the 14 exceptional unimodal singularities and

n = 2 (see the table on page 185 of [3]). Table 2.1 gives a normal form of the



quasihomogeneous member of each of the 14 one-parameter families, along
with the weights of the coordinates, the Coxeter number N, a monomial
basis of the local ring and the weights of its elements. The subscript of the
singularity right equivalence type it the Milnor number p of the singularity.
Pairs of functions with the same Coxeter number are dual in the sense of
Arnold. Any function with p = 12 is self-dual.

An arbitrary member of a unimodal family is obtained by addition to the
normal form of a multiple of its Hessian, that is, of a multiple of the versal
monomial of top weight.

Assume we have two coordinate spaces, Cf, and Ci with co-

N 77 Vg

ordinates of positive integer weights as,...,a, and by,...,b;. Then the
space of map-germs from (C?,0) to (C9,0) has a natural grading: a mono-
mial summand u$* ... up," in the jth coordinate function is assigned grading
ajay + - - -+ apa, — b;. For example, a quasihomogeneous automorphism g of
CP has all its monomial terms of grading 0. The determinant Jac(g) of the
Jacobi matrix of such automorphism is a non-zero constant, which is easily
seen if the coordinates are ordered by the increase of their weights.

In what follows, we are restricting our attention to quasihomogeneous

symmetries of exceptional unimodal singularities.

2.2.1 Classification of splitting invariant symmetries

For each of the 14 singularities, the Hermitian intersection form on Hy(V,, C)
is non-degenerate with positive signature 2. Our aim set in the introduction
is to obtain equivariant monodromy groups M, which are hyperbolic reflec-
tion groups, that is, the restriction of the intersection form to the summand
H, is non-degenerate and of positive signature 1. Hence the rank 2 posi-
tive subspace H, C Hs(V;,C) must split between two character subspaces
corresponding to a pair of distinct characters. We refer to a symmetry sat-
isfying this condition as a splitting symmetry, and to the two characters as
the hyperbolic characters. We will use this terminology even in the extreme

situation, when the two H, are one-dimensional.

10
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Lemma 2.8. Assume symmetry g is quasihomogeneous. Then g is splitting
if and only if Jac(g) ¢ R. In this case, the hyperbolic characters are Jac(g)

and its conjugate.

Proof. According to [24], the rank 2 subspace in the cohomology H?(V,,C)
dual to H, is spanned by the forms o = dz A dy A dz/dF, and Hess(f) a.
The two forms are eigenvectors of the automorphism ¢g* of H?*(V,,C), with

the eigenvalues Jac(g) and its conjugate. ]

Corollary 2.9. Non-quasthomogeneous exceptional unimodal functions have

no splitting symmetries.

Indeed, a symmetry of such a function preserves the modular term Hess(f).
Hence both a and Hess(f)a are in the same character subspace in the
cohomology.

Our main classificational result, on normal forms of splitting symmetries,
is
Theorem 2.10. Any invariant splitting symmetry g of a quasihomogenous

exceptional unimodal singularity f falls into one of the following categories.

a) The symmetry g of order m > 2 is a power of the Cozeter transforma-
tion C of function f.

b) Each of the corank 2 singularities Ey4, Z13, W13, Wia admits symme-
tries g of order m > 2 which are powers of the Coxeter transformation

composed with the involution v, (x,y, z) = (z,y, —2).
¢) Remaining symmetries are listed in Table 2.2.

Table 2.2 lists the symmetries up to a choice of a different generator of the

same cyclic group.

The involution ¢, used in Table 2.2 has been introduced in Section 2.1.3.
According to Example 2.1, monomials to use in a g-miniversal deformation
in case a) are exactly those of weights divisible by the order m of the sym-

metry g. It is clear that a similar choice in case b) coincides with that for

12



Table 2.2: Exceptional symmetries of ()15 and Uy,

g—miniversal

f g:x,y,z— | g=|lg| onomials notation
Q2 22+ y3 +2° | ez, wy,e52 | 1,C | 30 1 -
le : (T,y,2) — elor,y, &3z | 1,C% | 10 1,y Q12]Z10
= (—2,y,2) | —x,wiy,z | 1,CO | 6 1,2, 2% 23,24 Q12|Zs
Up: 2 +y°+ 24 wir,y, iz oC |12 1,y Ui2|Z2
o:(z,y,2) r,wy,—z | cC? | 6 1,2, 2%, 222 Us|Zsg
= (wr,w?y, 2) | wr,w?y, —iz | cC3 | 12 1, zy (Ur2|Z12)'
Wy, z | oC | 3 1,2y, 2% yz,y2? | Upl|Zs
Up: 2?y+y> + 21| ez wy,iz | 1,C |12 1 —
L (x,y,2) — g6, wy, —z | 1,C? | 6 1,22 (Ui2|Zs)'
= (—x,y,2) | —w,y,—iz | 1,CP | 4 1y, 22, x> (Ua|Zy)
eor,wy,z | 1, C*| 6 1,2, 22 (U1s|Z3)

Figure 2.2: Symmetries of Dynkin diagrams of Q15 (above) and Ui (below).

13




the corresponding power of the Coxeter transformation. For the corank 2
functions not mentioned in part b), the symmetry (z,y,2) — (z,y, —2) is
CcN2,

Theorem 2.10, in particular, states that, for any quasihomogeneous excep-
tional unimodal singularity f, we can make a quasihomogeneous coordinate
change which diagonalises a splitting symmetry. In the case of Uy, there are
two possible normal forms. This is similar to the two normal forms of the
D, singularity.

The sign change in part b) of the Theorem is the —id map on the vanishing
homology. It does not affect the actual summands in the decomposition (2.2).
It only affects the indexation, changing the signs of all characters.

The transformations ¢, and ¢ in Table 2.2 correspond to the order 2
and 3 symmetries of the Dynkin diagrams of the underlying singularities Dg
and D4. The relevant symmetries of the Q15 and U;o Dynkin diagrams are
shown in Figure 2.2 (the diagrams are constructed as those for the direct
sums Dg @ Ay and Dy @ Az of singularities, using the Gabrielov method [10]).
Both ¢, and o have real determinants, hence are able to split the subspace
H, only in combination with a power of the Coxeter transformation which

splits H itself, that is, has order greater than 2.

2.2.2 Picard-Lefschetz operators

Since the character Jac(g) has a special role, we will use a special notation

X' for it. In the direct sum
H*(V,,C) = ®ym_y HX (2.3)

where the substitution g* is multiplication by y on HX, we have a = dx A
dy A dz/dF, € HX. Each summand HX here is dual to the summand H, in
(2.2).

We observe that the subspace HX is the only summand in (2.3) that
contains a holomorphic nowhere-vanishing 2-form. This helps us to find the

eigenvalues of the Picard-Lefschetz operators acting on H,..

14



Proposition 2.11. Consider the Picard-Lefschetz operator hy, on H,, corre-
ponding to a g-orbit of critical points with a quasthomogeneous normal form
(', y', 2"). Choose the weights w, w), wy of the variables so that the weight
of function v is 1. Then the eigenvalue of h, is exp(2mi(w] + w) + w})).

Proof. The restriction of the family F' to a line germ transversal to 3 may be
brought near any of the critical points to a local normal form ¥ (2,1, 2’) + €.
Locally, the cohomological operator h* = @hX is induced by a loop in C,
going once around the origin in the positive direction. Its eigenvectors are
the 2-forms w; = «a; (2, y/, 2') da’ Ady' Adz' /dip, where the o form a monomial
basis of the local ring of function 1. The transformation A* is the substitution
2’ = exp(2miw]) 2’ etc. Hence its eigenvalue on w; is exp(2mi weight(w;)),
where weight(w;) = weight(a;) + w) + wh + wh.

The only eigenform w; that vanishes nowhere in a neighbourhood of our
elementary critical point is the one in which «; is a non-zero constant, that

is, has weight 0. [

2.2.3 Dynkin diagrams

Our classification is encoded in the standard way using Dynkin diagrams.
One interpretation of these diagrams gives a description of the structure of
the discriminant > C A. Another interpretation we use says that a vertex
corresponds to a generator of m; (A \ X) (equivalently M, ), and the edges
correspond to some of the relations. This part of the relations will be denoted
by B. Both interpretations are presented in Table 2.3. While we don’t
necessarily find a two dimensional section of the discriminant in each case,
this interpretation still holds.

The exterior of each vertex is also labelled with the right equivalence class
of the function germ corresponding to this component of the discriminant.
The eigenvalue of the Picard-Lefschetz operator corresponding to the vertex
coincides with the eigenvalue of the classical monodromy of this function
germ, and the order of this is written in the interior of the vertex. This is
the order of the generator of M, corresponding to this vertex.

We also label the exterior of each vertex with the self-intersection number
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of the vanishing x-cycle associated to this generator, and edges with the
intersection numbers of neighbouring x-cycles. The intersection number is

zero if and only if there is no edge between vertices. See page 22, for example.

Table 2.3: Dynkin diagram relations on pairs of vertices

Singularity | Dynkin diagram | Local structure of ¥ | B-relations

S t
A1XA1 Q Q >< st =1s

S t
Ay <> <> < sts = tst

Bs M \/ (st)? = (ts)2

S t
Go (%C) ; (st)® = (ts)°

2.2.4 Equivariant splitting symmetries

Similar considerations can be made in the equivariant case by also considering
constant multiples of the functions itself. We have the following classification

theorem.

Theorem 2.12. Any smoothable equivariant splitting symmetry g of a quasi-
homogeneous exceptional unimodal singularity f falls into one of the following

categories

a) The symmetry g of order m > 2 is a fractional power of the Coxeter

transformation C of function f.

b) Each of the corank 2 singularities Ey4, Z13, W13, Wia admits symmetries
g of order m > 2 which are fractional powers of the Coxeter transfor-

mation composed with the involution t,(x,y, z) = (x,y, —2).
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¢) Remaining symmetries are powers of C composed with an invariant
symmetry i, or o (shown in Figure 2.2) which will be discussed in
detail for Q12 on Page 102 and U5 on Page 117.

2.2.5 Dynkin-like diagrams

For equivariant symmetries, we recall a definition stated in [7]:

Definition 2.13. A group with ¢ generators acting on CF is called well
presented if k= /.

By convention, we draw the Dynkin diagram of a group with a ‘curved edge’

if and only if it is not well presented.

Definition 2.14. Such a diagram is called a Dynkin-like diagram, the 3-wise

relations are called braid-like.

In [7] as well as in this thesis we find that the largest observed ¢is ¢ = k+1 (in
the equivariant case only). Such groups may have generators which satisfy
braid-like relations. All such relations necessary for this thesis can be found
in Table 2.4 on Page 18, along with the Dynkin-like diagrams encoding these
relations.

The diagrams given in Chapter 3 correspond to the same groups as those
in Goryunov’s papers, but in some cases may look different. Due to the
amount of labelling frequently required, we introduce a new notation — that
of the intersection diagram. If there is insufficient room to properly label a
Dynkin diagram, it is followed by an intersection diagram containing all nec-
essary information about intersection numbers. These diagrams have black
vertices to distinguish them from Dynkin diagrams.

In Table 2.4 the dotted line is the generic line in the complement to the
discriminant. Generators of the fundamental group of the complement are
loops s, t,u labelled according to the diagrams in the table in the order in
which the loops leave the base point x. Loops leave * in an anticlockwise

order and provide a distinguished basis.
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Table 2.4: Dynkin-like diagram relations on triples of vertices
Dynkin diagram | Local structure of ¥ B-relations

u

stu = tus = ust

4

sutst = utsut, utsu = suts

ustut = tustu, stu = tus

2.2.6 Coincidence of weights

Definition 2.15. The graph obtained by removing all labels and orders of
vertices of the Dynkin diagram is the skeleton of the Dynkin diagram.

As in Example 2.1, we take f to be a quasi-homogeneous function of degree N
with respect to the weights wy, . .., w, of the coordinates where wy, ..., w, €
N, ged(wy, ..., w,) = 1. Choose the weights vy,...,vx of Ay,..., Ax in the
unique way so that .
Fy=f+ Z Aipi
i=1
is quasi-homogeneous, and assume they are arranged so that v; < v,y for all
i=1,... k-1
Similarly, let G' be a finite reflection group acting on C* (as classified
n [21]), basic invariants of which have degrees my, ..., my also arranged so
that m; < m;,q foralli =1,... k — 1. An observation of our classification

is the following.
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Definition 2.16. A group with ¢ generators acting on a k£ dimensional vector

space is said to have corank ¢ — k.

Proposition 2.17. Let M,s be a complex hyperbolic reflection group in our
classification, and vy, - - - , v the weights of the parameters in a corresponding
g-miniversal deformation. Assume the ratio (vy : -+ - : vy) coincides with the
ratio (my : -+ : my) of degrees of basic invariants of a Shephard-Todd group
G. If My, and G have equal coranks, then M, and G have Dynkin diagrams
with coinciding skeletons.

Conversely, coincidence of the skeleton of a Dynkin diagram of M, with
that of some Shephard-Todd group G implies the equality of the weights ratio
of M,» and the degrees ratio of G.

2.2.7 Discreteness of the monodromy group

We recall the following. Let H be an Hermitian form, and consider an
algebraic number field E such there exists a totally real subfield ' with
[E : F] =2. Use Og to denote the ring of integers of E. Let SU(H) denote
the special unitary group defined by the form H, and SU(Og, H) C SU(H)
be the subgroup consisting of matrices with entries belonging to Og. There
are a finite number of embeddings p; : FF — R. For each of these embed-
dings there is, up to complex conjugation, a unique compatible embedding
7; + B — C, from which we obtain a new Hermitian matrix 7 H by applying
7; to the entries of H. The new associated group SU(™H) is denoted by
nSU(H).

Theorem 2.18 (Deligne, Mostow [9]). The subgroup SU(Og, H) is an arith-
metic lattice in SU(H) if and only if "SU(H) is compact for all non-trivial

embeddings T; (up to complex conjugation,).

Corollary 2.19. The projectivised versions of all groups appearing in the

following classification are discrete subgroups of SU(k —1,1).

Proof. For an exceptional unimodal singularity X, the non-symmetric mon-

odromy group M is an infinite subgroup of the unitary group U(u — 2,2).
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After taking the quotient of the Milnor fibre by the symmetry group gener-
ated by g the group is the direct sum of groups, each of dimension k, < k

M= P M,

x:xM=1

(by observation).

Due to Lemma 2.8, we assume Y’ ¢ R. Let x’ (and therefore its conjugate)
be such that M,, C U(k —1,1). Since the sum of signatures of the character
subspaces must equal the signature of their direct sum, for all x # x’ (up
to complex conjugation) we have M, C U(k,), which is compact. After
projectivisation the compactness argument also holds, and moreover entries
in the matrices belong to the cyclotomic ring Z (x). The field Q (x) is an
imaginary quadratic extension of the totally real subfield Q (x + ) since the
minimal polynomial of x in Q (x + ) is

2> — (x+X)x + 1.

The ring of integers is Z (x) C Q (x) , and so all necessary criteria is satisfied.
O
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Chapter 3
Known results

This chapter gives all results coming from other papers which are used in the

classification in Chapter 4.

3.1 Lifts of simple boundary singularities

We recall all results from [11, 12, 13] relevant to this thesis.

Example 3.1. The boundary singularity A, has normal form 3 + yo + 22,
boundary given by {yo = 0}. We take an m-fold covering of C* ramified
along the boundary by setting 1y, = y™. This is similar to taking a singularity
X 3 23 4+ y™ + 2* of codimension 2(m — 1), and considering X|Z,, with the
symmetry g : (z,y,2) — (x,e,y,2). We consider the picture without the

variable z.

Yo

I
<

Figure 3.1: Taking m-fold covers of semi-cycles a and b.

This singularity has two x-cycles a and l;, lifted from semi-cycles a and b in
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the homology of the Milnor fibre of Ay in the standard way as described in
Section 2.1.4. We use V to denote the boundary cover of the Milnor fibre V' by
the substitution y+0 = y™. Figure 3.2 shows that <(1 - X)a, l;> = m, where
the solid paths are obtained by multiplying the solids paths corresponding
to a in Figure 3.1. The suspension of cycles into an extra dimension by
adding the variable z? implies self-intersection number —m for both a, b. The

intersection form is Hermitian for an odd number of variables, which also

(a.b) = %
p

gives for 3 variables

1
1
X

T

'

'

'

y

(

-
~ k-
ARG

7

The intersection matrix is therefore

m
( mo - )
Y
__m_
- m

where " = 1, x # 1. The function germ representative corresponding to the
only component of the discriminant is of right equivalence class A,,_;. The
eigenvalue coming from the classical monodromy of this is of order dividing
m. We want our groups to be hyperbolic, giving the constraint |x — 1| < 1,
so we must take y = ¢, or x = &, if 6 < m < 13. So we get the following

diagram for AJ™.




Pairs of connected vertices in the Dynkin diagram for a singularity of type
Al DI E(™ have the same local structure as AS™, and the labelling for
each pair is the same as in the diagram above.

An ambiguity occurs when we label cycles with powers of x (e.g. see
Figure 3.1) since we could start this labelling process on any cycle, and when
we choose orientations. For this reason, the intersection number of the two
cycles is defined only up to multiplication by a power of ¢, or by +1. It is
shown in [11] that adding a non-degenerate quadratic form in an even number
of variables to a function affects the intersection numbers only perhaps by
further multiplication by —1. Moreover, if the Dynkin diagram is a tree
this ambiguity affects every edge and we have freedom to choose the most
convenient intersection number.

Oriented edges of Dynkin diagrams indicate the order in which we take
intersection numbers:

a— b,

means (a,b) = U. However the reorientation
adb
may easily be brought to the form

U
a<b

by the ambiguities mentioned in the previous paragraph. So in the case when
the Dynkin diagram is a tree (specifically this example), we do not assign

orientations to the edges of the diagram.

Example 3.2. Starting with the boundary singularity By 3 y2 ({yo = 0}
the boundary) and setting yo = 3™, we obtain the singularity B§2’m). To
construct its diagram we use an explicit example as in [11]. Consider the
covering yo = y™ of a deformation f(yy) = y2 — 4yo + 3 of the one variable
boundary singularity Bs. Set f(y) = f(y™). Take f = 0 as the Milnor fibre
V covering f = 0 (see figure 3.3). Join 0 € C by the straight paths with
critical values f(0) = 3 and f(2) = 1 of f. Take the linear combination of the
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points on the inner circle in Figure 3.3 for a x—cycle ; € H, C Ho(V) (the
reduced 0-degree homology) vanishing on the level f = 3, and the difference
between the linear combinations on the outer and inner circles for a y—cycle

ey vanishing on f = —1. The intersection matrix ((e;, e;)) is

Xe C,

Figure 3.3: Cycles for By

The Picard-Lefschetz operator h; rotates the points on the inner circle anti-

clockwise by 27 /m which means

h1(€1) = Xé€r,
hl(eg) = 62+(1—X>61

= e — (1= x) (e, e1)e1/m
€2, €1

<€1, €1

—~
~—

= e+ (x—1)

€1.

~—

The operator hy swaps points on the same ray from the origin:

hg(el) = €1 + €9
= e1— (e1,e9) ea/m
<617€2>

= e+ 627r7j/2 1
! ( )<€27€2>

hz(eg) = —€q.

€2,

As seen in Figure 3.3, we obtain the Dynkin diagram for Bém’Z) (which is

sometimes written as Bém)).
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Together with the result for Agm), we may now construct Dynkin diagrams
for similar lifts of all simple boundary singularities. In each case there are
vertices. Dashed edges in the following diagrams indicate the diagram should

be continued by a chain of vertices.

Ap—1 _m Ap—1 _m A1 A1 _m A1
Em— Em— Em—
OR=NoRaN OB O LR 0
—m —m —m —m —m
A

Am—l
—m
z—:mnil
Amfl m Amfl m Am—l Amfl _m Amfl
Q em—1 m em—1 em—1
—m — — —m —m
B
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A1 m mAj m mA; mA; m mA;
—m —;m —;m —;m —;m
(m)

A1 m A, Ay m A
mAl m ! em—1 ! Cl em—1 C !
— ;m —m —m —m —m

oy
Amf 1 amL—l Amfl m mAl m mA1
(== )—()
—6 -3 —6 —6
Fm

From now on, we will choose the special character x’, the eigenvalue of g*

on %}W, details of which are given in Section 2.2.1, so that the monodromy

group in our case is complex hyperbolic.

3.2 Particular intersection numbers

In [12], a series of invariant singularities

Dyi1|Zom > 22y + y" + 22

9(x,y,2) = (Comm,emy,2)

was introduced. The self-intersection number of the x-cycle e corresponding
to this singularity is (e, e) = m(—2+ x +X), x™ = —1. In particular, we will

use the following with x = 9,
e For D4|Z6, <€, €> = 3(—2 + 6+ 8_(,‘) = —3,
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e For Ds|Zs, (e,e) = 4(—2 + g +&3) = 4v/2 — 8,
e For D6|Z10, <6,€> = 5(-2 + €10 +€_10> = g(\/g - 3)

We also need the self-intersection number of a y—cycle e corresponding to a

singularity of type Eg|Z12, x = —iw = £12. According to [19], this is

o a 1—(-1) w-i _ B
(e,e) = —2-3 4(1—(—1))(1—w)(1—i) 2v/3 — 6.

3.3 Symmetries of simple singularities

Full details of the following singularities with invariant symmetry are given
in [12], the singularity with equivariant symmetry in [13].

B

For f = a® + yz € A; with the invariant symmetry g(z,y,2) = (iz,y, 2),

g-versal monomials are 1, z* and the Dynkin diagram is given.

As 4 A4

= =3

A group with the same notation occurs as a symmetry of Ds. Namely, for
f = 2%y +y* + 2% with the invariant symmetry g(z,y, 2) = (—iz,y, —2), g-

versal monomials are 1,72, and the Dynkin diagram is given.

A3 2\/§ 2A1

—4 —4

B£3,3)

For f = 23+y*+2? € Eg with the invariant symmetry g(z,y, 2) = (wz, -y, 2),

g-versal monomials are 1,y? and the Dynkin diagram is given.



B£4,3)

For f = 2% + 5 + 22 € Eg with equivariant symmetry g(z,y,z2; f) =
(—wx, —y,iz; —f), g-versal monomials are y,4* and the Dynkin diagram is

given.

3.4 Symmetries of Fs, Xy and Jj

Here we display some of known Dynkin diagrams of groups coming from sym-
metries of Py, Xg and Jjo which can be found in [14, 15, 16] respectively. We
fix the character such that these groups are complex crystallographic reflec-
tion groups, and extending these groups in our classification yields complex
hyperbolic reflection groups. We omit some of those groups which are iso-

morphic to ones already mentioned in this chapter.

3.4.1 From F

The following results come from [14].

053,3)

For f = 23+ y3 + yz? € Py with the invariant symmetry g(x,y,2) =

(wx,y, —2), g-versal monomials are 1,y,y* and the Dynkin diagram is given.
242901 —w) A2 1 A2

—6 -3 -3

(F%]Z6)’

For f = 2% 4+ y® + y2? € Pg with the invariant symmetry g(z,y,2) =

(x,wy, —wz), g-versal monomials are 1,z and the Dynkin diagram is given.

28



-3 -3

For f = 2%z + zy? + 2° € Ps with the invariant symmetry g(z,y,z) =

(—x, —1y, 2), g-versal monomials are 1, z, z? and the Dynkin diagram is given.

241 91— 1) 43 901

Py /Z¢

For f = 23 + 3® + 2% € Pg with the equivariant symmetry g(z,vy, z; f) =
(—wz, —y, —z; —1), g-versal monomials are y, z and the Dynkin-like and in-

tersection diagrams are given.

Ay

245

Pg/Z4

For f = 2%z + xy? + 2% € Py with the equivariant symmetry g(x,vy, z; f) =
(iz, —y, —iz;if), g-versal monomials are z,yz and the Dynkin-like diagram

is given.
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3.4.2 From X,

The following results come from [15].

B§673)

For [ = 2% + 2y + 2% € Xy with the invariant symmetry g(z,y,z) =

(—z, —wy, z), g-versal monomials are 1, 2% and the Dynkin diagram is given.

Xo/Zg

The paper [15] does not use Dynkin-like diagrams, so we perform our own
calculations. For f = z* + 2y + 22 € Xy with the equivariant symmetry

9(z,y, 2 ) = (wz,wy,wz;wf). We have

F, = ot ayP + 22 4 2ty + Byt + o
Foo = 423 4+ % + 2yzy + o
F,, = 3ay’+72° +28y
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The first two components of the discriminant are ¥; = {a = 0} and ¥, =
{270 +73a—1633—36vLa+8723*—~18}. The union 3;UY, is a standard Bs
type discriminant. The final component X3 = {5 = 0} gives a line producing
a triple point in a generic section. All other intersections are transversal.

The Dynkin-like and intersection diagrams follow.

u=3(1 -w)

3.4.3 From Jl()
The following results come from [16].
J10|Z3

For f = 2® + y% + 22 € Jjp with the invariant symmetry g(z,y,2) =
(wz,wy, 2), g-versal monomials are 1,9% zy* and the Dynkin diagram is

given.

3A1 3 D4 3 3A1
2 ) 6 2

=6 =t =6
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oY

For f = a3 +xy*+2? € Jy with the invariant symmetry g(z,y, 2) = (z, 1y, 2),

g-versal monomials are 1, z,y* and the Dynkin diagram is given.

Ji0/Zy
For f = a3 + ay* + 22 € Jyo with the equivariant symmetry g(z,vy, z; f) =
(—z,—y,iz; —f), g-versal monomials are y, 4, y°, x, ry? and the Dynkin-like

diagram is given.
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Chapter 4

The Classification

In this chapter we list all splitting symmetries of the 14 exceptional unimodal
singularities given in Table 2.1. Each symmetry is presented with an accom-
panying Dynkin (or Dynkin-like) diagram encoding all necessary information
to describe the monodromy subgroup with hyperbolic signature. When con-
sidering a singularity of right equivalence class X with respect to a symmetry
g of order m, we write X|Z,, in the invariant case, X/Z,, in the equivariant
case, or one of these with dashes to distinguish between symmetries of the
same order with different g-versal deformations. Some lifts of simple singu-
larities are already well known in the literature, for others we may use the

following shortcuts in calculation.

1. If X|Z,, — Y|Z,, with the same symmetry g then the Dynkin diagram
of Y|Z,, is a sub-diagram of some Dynkin diagram of X|Z,,. In the
cases Y is one of the parabolic singularities Py, Xy, Ji9, the details can
be found in [14, 15, 16] respectively; if YV is a simple singularity the
details can be found in [11, 12, 13]. All relevant information from these
papers is reproduced in Chapter 3 and specific parts will be referenced

as we proceed.

2. The following may occur. Let X admit an order m symmetry g where
g(z;)) = z. If X also admits an order 2m symmetry ¢', defined by
¢ (z) = —z and ¢'(z;) = g(z;) such that F, # Fy, then the Dynkin
diagram for X|Zy,, is a folding of the Dynkin diagram for X|Z,, in the
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usual sense. For example, take Fg > f = a* + v + 22 with ¢ = id,
a trivial symmetry, and ¢'(z,y,2) = (—x,y, z) of order 2. Then the
normal form Eg|Z,, i.e. after the substitution 22 = g, is 23 +y> + 22 €
Fy. Therefore Fg|Zy = Fy, and this is demonstrated visually by folding
the Dynkin diagram. See Figure 4.1.

. It is not necessary to calculate unknown intersections geometrically.
Say our Dynkin diagram for X|Z,, is fully labelled except for an inter-
section number U of two particular cycles. We may write the matrices
of our Picard-Lefschetz operators in terms of U, and observe that these
should satisfy certain braiding relations. These give a condition on
|U|%. We further observe that U € Z (). We write a general element
of this ring and impose the value of |U|%. This usually gives a system
of diophantine equations with lem(2,m) solutions which we calculate

by brute force using the MAPLE code given in Section 6.1.

. In the invariant case, the Milnor number p of X is preserved as the sum
of multiplicities of singularities corresponding to intersection points of
the discriminant with the generic line. We will refer to this as Xu; = u

in what follows. A similar equivariant constraint will be discussed later.

O—C—=—=C—o0

Figure 4.1: Folding the Dynkin diagram of Fjg to that of Fj.
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Symmetries are given only up to coinciding symmetric versal deformations.
We do not include symmetries of order 2 since by Lemma 2.8 we require the
eigenvalue of g not to be real.

In each case, we assume the symmetry g has the standard form g(z,y, z) =
(ax, by, cz), where a,b, c are to be found. Solving f o g(z,y,z) = f means

solving a system of three equations in a, b, ¢, written
aibfici =1, i=1,2,3.

Here aq, 31,1 are exponents in the monomial summand z®y% 27 of the

singularity. The absolute value of the determinant of the matrix of exponents

ar B 71
A= B2 V2
as P33

gives the number of solutions to this system. If A = N, the order of the
Coxeter element C', then all solutions, and therefore all symmetries, must be
powers of C'. If the number of solutions to this system is equal to 2N and
the function germ f € X is stably equivalent to a function of two variables,
then by observation we see that symmetries are powers of C' combined with
powers of the involution ¢,(x,y,2) = (z,y,—z). Since z does not appear
in the local ring of such a function germ and we are classifying only up to
coinciding deformations we ignore such symmetries, only considering powers
of C.

For each group appearing in this classification the generators have been
entered into a MAPLE worksheet in order to check that the calculations have
been done correctly. Indeed, is has been tested that the generators do in fact

satisfy all relations they are claimed to in this thesis.

4.1 Summary of interesting results

In the sections that follow the invariant and equivariant symmetries are ex-

hausted in detail for each exceptional unimodal singularity. Many of the
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groups appearing have either appeared in other papers or are calculated
through some elementary methods. Since there are many results, we are
isolating some of the most interesting examples and presenting an exposi-
tion of these examples in this section. Displayed next to each singularity is
the page number to find full details, and the ratio of weights of deformation
parameters. Unless explicitly stated otherwise, the ratios found in this sec-
tion have not appeared as weights of basic invariants in the Shepard-Todd
classification [21] for groups of the same corank, nor have the skeletons of
the Dynkin(-like) diagrams appeared as linear complex reflection groups. See
Proposition 2.17. Readers are reminded that groups of corank 0 have Dynkin
diagrams with only straight edges, groups of corank 1 have Dynkin-like dia-
grams with some curved edges, and groups of higher corank do not appear

in this thesis.

Eis|Zg, (1:2:3:5), page 47

This singularity is adjacent to a known singularity

E13‘Z6 — J10|Z37

details of which can be found in Section 3.4.3. The figure below display a
generic 2 dimensional section of the discriminant of Ei3|Zg, and within this

a generic 2 dimensional section of the discriminant of Jjp|Zs is boxed.

36



34 3 Dy 3 34 3 34

—6

(U12|Z4),, (1 12:4: 6), page 74
We have

(U12|Z4>/ — J10|Z4 = C§4)

See Section 3.4.3 for details. In the generic 2 dimensional section of (Uia|Zy)’
that follows, one component is displayed in bold to distinguish it from the
others. Removing this component, we see a generic 2 dimensional section of

the 6’354) discriminant.
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244 4 As 4 Az 4 4A4
i1 i—1
Cr—==)—( ==
—4 —4 —4 -8

FEi9/Z4, (1:3:4:6:7:9), page 82

We have
Elg/Z4 — JlO/Z4-

See Section 3.4.3. A sabirification of the deformation F, of Ei4/Z, exists

with the zero level set shown below (the bold curve is a smoothening).
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24, 24,

(27(2)
24, 24, 2A Ay
O—(—0—o—-=C

Q10/Zs, (2 : 3), page 85
The ratio (2 : 3) is the same as that of an A, singularity, but in the Q10/Zs

case the monodromy group M, has corank 1. The discriminant is isomorphic

to that of the Ay discriminant with a line through the origin tangent to the

cusp.

e
<
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5A;

Aq

The generator in the bottom right of the Dynkin-like diagram is h;, and

travelling clockwise generators are hy, hy, hs. Generators satisfy the relations

hihghohihy — hohihshohy = 0
h3h2h1h3—h1h3h2h1 - 0

These relations and indeed the skeleton of this diagram have been seen in [7]
for the Shephard-Todd group Gi3. The weights of basic invariants of this

group are also in the ratio (2 : 3).

Wha/Zg, (1:2:4:5), page 97

We have
ng/ZG — XQ/ZG.

Details can be found in Section 3.4.2. A generic section of the discriminant
of Xo/Z¢ has three components: one component isomorphic to that of a
B3 discriminant, two lines intersecting at the origin. It can be seen in the
generic section of the discriminant of Wiy /Zg by removing the marked edge

connected two cusps.
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Q12/Zg, (2 :3 : 4), page 107
We have

Q12/ZG — PS/Zﬁv

details of which can be found in Section 3.4.1. The discriminant in the P
case is just three intersecting lines, which can be seen near the triple point
in the generic section of the discriminant of Q12/Zs.

This ratio (2 : 3 : 4) is the same as the ratio associated with a standard
Ajs singularity, the discriminant of which is a swallowtail. In our case the

monodromy group has corank 1 and the swallowtail is intersected with a
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plane. A generic two dimensional section is given. This ratio also coincides
with that of the Shephard-Todd group G(6, 2, 3), the Dynkin-like diagram of
which has the same skeleton. Note that a subdiagram of this is the standard
Az(,,?’) diagram.

249
2A2 a 2AQ
245

Q12/Z4, (2:3:6), page 109
We have

Q12/Zy — P3| Zy,

details of which can be found in Section 3.4.1. A section of the Q12/Z4
discriminant is given, but this section is not generic. This is explained fully

in the classification.
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In the diagram, the generator on the far right is hy. Travelling around clock-
wise from here, the generators are hy, hi, hz, ho. The full set of braiding

relations associated to the skeleton of the Dynkin-like diagram is

Y1Y3V2V1Y2e = Y2132
Y213 = V32N
Va3 = 374
V2VaY2 = Y4274
(’7174)2 = (’74’71)2-

4.2 Classification of Invariant Symmetries

4.2.1 FE;»> x3+y7+22

The Coxeter element is C(z,y, z) = (wx, g7y, —z). We wish to find all sym-

metries g(x,y,z) = (az,by,cz). That is, find all solutions to the system of
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equations

a = 1
o= 1
c =1

The determinant of the matrix of exponents is

= 42.

I
o o w
o N o
N O O

Since A = N, all symmetries are powers of the Coxeter element.

f g= lg] versal monomials | notation
B4y +22e B,y | C,0% | 42,21 1 -
C3,C% | 14,7 1,z B\ Zy
0" 6,3 | Ly, v* v’ y' v’ | EilZs

These singularities have already been seen in Section 3.1:

Ewn|Z; = A
Eyp|Zs = AP,

immediately giving us the Dynkin diagrams below.

E12|Z7
A6 7 AG
er—1
E|Zs
AzilfbilAQilAQil%bilfb
O O U RO OB
- = = = =t =
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4.2.2 Zys>2dy+y° + 22

The Coxeter element is C(x,y,2) = (els7,e5y, —2). A general invariant

symmetry is g(z,y, z) = (az, by, cz), where a, b, ¢ satisfy

a’b = 1
o= 1
A =1

The determinant of the matrix of exponents is

= 30.

I
o o w
o vt =
N O O

Since A = N, all invariant symmetries are powers of C.

f g= lg| | versal monomials | notation
vy+y+22eZy | C,C* |30,15 1 -
C3,C% | 10,5 1, zy? 71|20
Cs5,C1%1 6,3 Ly, 2, v3, Z11|Z

le‘Zl(J

For Z11|Z1¢, we have

F, = 2Py+y°+ 2>+ By’ +
Fg,:v = 3:1723/ + ﬁy2
F,, = °+5y"+2Bzy.

For o = 0, F, has a normal form
Fyla=o ~ zy® + 2° + 2%,

which has a Dg singularity at the origin. The intersection number has been

given in Section 3.2, where the symmetry differs only by the permutation
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of the variables x and y. Milnor numbers must satisfy Xu; = p. Since the
Milnor number of the singularity Z;; is 11 and the contribution from the
a = 0 component is 6, then the o # 0 component must contribute a total
Milnor number of 5. Critical point on this component have x = 0 and y
the root of a degree 5 polynomial. This means the critical points on this

component occur with multiplicity 5, and this singularity is therefore 5A;.

5(v5-13) —10

Let hy, hy denote the Picard-Lefschetz operators. These satisfy (hihg)® =
(hahy)3, giving the relation
\U|? = 25.

We know that U € Z(e5). Since |U|? is itself a square, we take U = 5,
giving the following Dynkin diagram. Moreover, each of the 5 Morse cycles

corresponding to 5A; intersects the Dg cycle at isolated points.

JWE-3) T

Zh1|Zsg

The singularity Z11|Zg can be identified as
ZII|Z6 = Oé3)7

as seen in Section 3.1. Hence the diagram:

341 3 Ay 3 Ay 3 Ay 3. Ay
3 (3) (3) 3
= - = oy -
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4.2.3 Ei32 a3 +ay’ + 22

The Coxeter element is C(z,y, 2) = (wz, 3y, —2).

f g:x,Y, 2 lg| | versal monomials | notation
3+ 2y’ + 22 € B3 C,C? 30,15 1 -
C3,C8 10,5 1,z,v° E\3|Zy
Cs, 0% 6,3 1,93, 95, xy? Es|Zsg

Er3|Zq

The singularity F13]|Zqo may be identified as
Ey3|Z1o = 0355),

by the boundary substitution 3y = y°. This gives the Dynkin diagram below.

All information required to label the subdiagrams B§5) and Ag‘r’) is contained

in Section 3.1.

E\3|Zsg

For F,3|Z¢ we have

F, = 22 +ay° + 22 +0zy* + v + By’ + a
F,. = 32°+9°+ 6y
F,, = 5zy*+20xy + 6vy° + 38y°.

If y = 0 at a critical point, we find also that x = 0 giving the discriminant
component with equation ¥; = {a = 0}. The normal form of a function

germ corresponding to this component is

Fla=o ~ 2> + 9 + 22,
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a critical point of type Dy. If y # 0 at a critical point, we may eliminate x,
y and z from the above system of equations to get the following equation for

the other component of the discriminant.

Sy = {—135008+2a® + 72954y + 7298 + 166°4° — 2165°3°
—16d°B 4 1607 + 31250° — 7296° + 2165 6%y + 21663243
+41258%y0® — 56250302 — 58326%y%a + 607533 va
+27006%5%a + 8646°y v + 8880y ax + 162007°5a* — 56708*v* 6
—25920% By ar — 34206% Bya + 116647°a® 4 166°a = 0}.

Critical points on this component have multiplicity 3 by considering the

symmetry ¢, and a generic line in the discriminant intersects this component

at 3 points. So these critical point must be of type 3A4; to satisfy Xu; = p.
A generic section of the discriminant is given below, taken with sufficiently

large v =06 < 0.

1
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The majority of the Dynkin diagram for this singularity can be computed
using the adjacency
B3| Ze — Ji0|Zs,

details of which can be found in Section 3.4.3. A generic 2 dimensional section

of the discriminant of Jjy|Zs is boxed in the above figure.

3A1 3 Dy 3 3A1 3 3A1

—6 —6 —6

Name the generators hs, hg, hy, hy from left to right, where h; denotes the
Picard-Lefschetz operator induced by a loop in a generic line (dashed in the
diagram) going around the intersection labelled i with the discriminant.The
numbering is the order in which we loop around in the discriminant in the
line from the base point * in the anticlockwise direction. The generators
ho, hs, hy generate the group coming from Jjg|Zs. The final generator h,
commutes with hy and hg, and from the generic section of the discriminant
we see that it satisfies hihyhy = hghihy. The subdiagram for hq, hy is that of
3A5, so the intersection number between the cycles must be 3 according to
Section 3.2.

4.2.4 Q> 22+ + 21

The Coxeter element is C(z,y, 2) = (e3z,wy, i2).

/ g = |g| | versal monomials | notation
2+ +2teQ| C |24 1 -
c* | 12 1,27 Q10]Z1»
|8 Ly Q10|Zs
c*t| 6 1,2, 2% 23 Q10|Zg
co |4 Ly, 2% yz* Q10|24
c® |3 1,2,2,2% 23 Q10|Z3
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QlO’ZIQ

For Q10|Z12 we have

Fy = 22+’ +2'+ 8% +a

Fyo = 2xz
F,, = 3

F,. = 2 4+ 42° + 28z

So y = 0 at a critical point. Assuming also that z = 0, we deduce a = 0.

The normal form of a function germ on this component is
Fg|a:0 ~ l‘4 + y3 + 22,

a critical point of type Ejg, the self intersection number of such a cycle being
described in Section 3.2. On the other hand, if z # 0 we find that x = 0, and
singularities occur with multiplicity 2. To satisify Xu; = p this singularity
must be 2A,.

—6 2v/3 -6

Let hy, hy denote the Picard-Lefschetz operators. Since the generators satisfy
(h1h)? = (hohy)?, we calculate that |U|*> = 24. We know also that U €

Z (e12), and so must be of the form
U = k112 + kof12 + ksge + k.
The square of the modulus of this general element is given by

(U2 = K3+ 3 + b + k% + kiks — kshs + (kiks + ko) V3.
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Equating rational and irrational parts we find two conditions on our con-

stants:

k2 + k3 + k3 + k3§ + kiky — ksky = 24
kiks + koky = 0.

Putting these conditions into the computer program, we find there are twelve

solutions for the integers k;. One such solution is
klzl{?Q:kg:—]{?4:2
corresponding to
U = 2V3(1 +1).

Other solutions are of the form %,U and correspond to the ambiguity in

construction of the Fg cycle. We complete our Dynkin diagram.

242 23(1+4) Ee

—6 2V/3 -6

Q10|Zs
For (Q10|Zs we have

F, = 222+9y"+2"+By+a
F, = 2xz

g,
F,, = 3/*+3
F,. = 2°+42°

We see from Fj , = 0 that either x = 0 or z = 0. Further, F, , says that z =0
if and only if z = 0, so we must have x = z = 0. This leaves an expression in
y corresponding to a discriminant of type A;. The discriminant component
corresponds to a singularity of I, of type D5, which can be observed by con-
sidering monomials only involving = and z in the deformation. The Dynkin

diagram starts to take shape.
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Ds U Ds
(——s)
442 -8 42 -8

Self intersection numbers shown have been stated in Section 3.2. Let hq, hy
denote the Picard-Lefschetz operators. Since we know that hihohy = hohiho,
we can calculate that |U|? = 32 — 161/2. Since U € Z (gg) , it must be of the
form

U = ki + kot + kseg + kyEs.

The square of the modulus of this general element is
U = k2 + k2 4+ k2 4 k2 4 (kyks + kiky + koks — koky) V2.

Equating rational and irrational parts we find two conditions on our con-

stants:

K+ ks +k3+kj = 32
kiks + kiky + koks — koky = —16.

One of the 8 solutions to these equations is
ki=—ks=4,ko =ky =0,

corresponding to
U= 4(1 — 88).

Other solutions are e5U, and we recall the ambiguity that a vanishing y-cycle

may be chosen up to multiplication by powers of x. We complete our Dynkin

diagram.
T4u%@?
442 -8 44/2 — 8
QlO ’ZE}

The singularity (Q10|Zs = DéB) by the boundary substitution y, = %® in the

normal form f € Q1g.
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Q10|Zsg

The singularity Q10|Zg is a folding of the above singularity Q19|Zs, similar to
getting the Dynkin diagram for Cy from that of Ds, and can also be found
by considering the adjacency Q19|Z¢ — C'?ES’?’) , which appears as a symmetry
of Ps. For details see Section 3.4.1.

Ay 3 A

3
w1 w—1 w—1

—6 -3 -3 -3

Q10|24
For (Q10|Z4 we have

F, = 224+ +2'+ 0y + 922 + By +a

Fo. = 2uxz
F,, = 3+ +8

&
I

0z 7% 4+ 42° + 25y + 272.

At any critical point z = 0. This leaves a deformation of f|,—o = 3 + 2*
which immediately gives us a discriminant of type Fy. We use the adjacency
Q10|Zy — Ds|Zy = B§4), details of which are given in [12]. Intersection
numbers can be read from Section 3.1. The diagram for B§4) is extended

uniquely to the diagram for Q19|Zy.

A3 4 A3 2\/5 2A1 9 2A1
I C—

(—(==C—)
—4 —4 —4

—4
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4.2.5 Fu> 2+ y8 + 22

The Coxeter element is C(z,y, z) = (wz, £gy, —2).

/ g=|]g|| versal monomials | notation
Pyt 2eEy| C |24 1 i
c? |12 L, y4 IDNVAP
c® |8 Lx E4|Zs
ct 6 Ly*y"y° Ev4|Zs
ol 4 Lz, y*, zy* E4|Zy
C* 13 | Ly’ v’y vy | BulZs

E14|212
For E14|Zn we have

F, = 2+ +22+By* +a

F,, = 32°

F,, = 8y +4py>.

By considering the variable y we see the discriminant is of type Bs. For the

component with equation o = 0, the deformation has normal form
Fylazo ~ 2® +y* + 22

a singularity of type Eg. On the remaining component, singularities occur
with multiplicity 4. To satisfy Xu; = u, singularities corresponding to this

component must be of type 4A,.

E6 U 4A2

2v/3 -6 —12

The self-intersection numbers are given in Section 3.2. Let hq, hy denote

the Picard-Lefschetz operators. The braiding relation on the generators
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(h1hs)? = (hahy)? gives the condition that |U|> = 48. Using the fact that
U € Z{e12), U must have the form

U = kie12 + koE12 + kage + ke,
where the coefficients satisfy the relations

k2 + k3 + k3 + k3 + kiky — ksky = 48
kiks + koky = 0.
One solution is
ki=ky=0,k3 =8 ks =4,

corresponding to
U = 4(1 + 56)-

All other solutions are £¥,U, reflecting the ambiguity in the choice of the Eg

cycle. We complete our Dynkin diagram.

Es 4(1 4 eg) 442
2v/3 -6 —12

E\4|Zs

[

The singularity F14|Zg =2 A§8) by the boundary substitution 1y = %% in the

normal form f € F4. For details see Section 3.1.

E\4|Zs

The singularity Ey4|Z3 = Ag?’) — B1o|Zs3 = A((f), so we construct the Dynkin

diagram.
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Ay 3 Ay 3 Ay 3 Ay 3 Ay 3 Ay _3 A
-3 —3 -3 -3 -3 -3 —3

E4|Zg

The singularity FE4|Z¢ is a folding of E14|Z3. We also note the adjacency
E14|Z¢ — Eg|Z¢ = B§3’3), which can be seen as a subdiagram. Details of the

latter can be found in Section 3.3.

AQ 6 2A2 _6 2A2 [§ 2A2

w—1 w—1 w—1
() ==()—) 3

-3 —6 —6 —6

Ewul|Z,

The singularity Ey4|Z, = F, 4(4) by the boundary substitution yy = 3* in the
normal form f € Ej4. We have an adjacency E14|Z4 — A7|Zy = Bgl), details
of which can be found in Section 3.3 giving the B, type subdiagram and we

extend it in the unique way by adding simple edges.

4.2.6 Zip > 2%y + ayt + 22

The Coxeter element is C' = (e1;2, €}y, —2). All splitting symmetries of this

singularity have one parameter g-versal deformations.

f g:x,y,z— | |g| | versal monomials | notation

By +ayt+ 22 € 2y C 22 1 -
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4.2.7 Wi 3zt + 12 + 22

The Coxeter element is C(z,y,2) = (ix,e5y, —z). All symmetries given by
powers of C' are included in the table below. Since A = 40 = 2N, we
have other symmetries which are powers of C' composed with ¢,(z,y,2) =
(x,y,—z). Since the singularity is stably equivalent to a function of two vari-
ables and the involution ¢, affects only the third variable, these are omitted
from the table.

/ g =1 |g| | versal monomials | notation
sty + 22 €W | C |20 1 _

c? 110 1,2? Wil Zao

ct |5 1,2, 22 Wia|Zs

o] 4 Ly,y%y° Wia|Za

Wia|Zs
The singularity Wis|Zs & A§5) by the boundary substitution yy = y° in the

normal form f € Wi,.

Ay 5 Ay 5 4
es—1 es—1

° > °

=5 =5 =5

Wia|Zyg
The singularity Wis|Zy is a folding of Wi5|Zs by the involution ¢, (x,y, 2) =
(—x,y,2).

Ay 10 24,

e5—1

-5 —10
Wia|Zy
The singularity Wis|Zy = Affl) by the boundary substitution zy = z* in the

normal form f € Wi,.

As 4 Az 4 Az 4 Az
OB SN N,
4 4 4 4
- pg pg =
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4.2.8 Q1 3 2%z + 1P +y2?

The Coxeter element is C(z,y, z) = (elgx, wy, £22).

f g= | |g| | versal monomials | notation
22+ +y2t € Qn C 18 1 -
C? 9 1 -
C3,C%| 6 1,y,23 Q11|Zg

Qul|Zs
We note the adjacency Q11|Z¢ — (Ps|Zg)’, details of which are found in
Section 3.4.1. Therefore the Dynkin diagram contains a subdiagram of the

form A§6), in which vertices correspond to singularities of type Dj.

For Q11]Z¢ we have

F, = 222+9y’ +y* +v2° + By +a
F, = 2xz
Foy = 3y +2°+8
F,. = 2%+ 3y2? + 322

For z # 0, we find that # = 0,y = —v and z satisfies 23 + 8 + 3742 at
zero level critical points. These correspond to singularities of type 3A;,
since we already know two singularities with combined Milnor number 8,
the total Milnor number must be 11, and z satisfies a cubic equation. The

discriminantal component corresponding to this has equation

¥ ={a—py—9"=0}.

This is a smooth surface. We denote this component by ;.
For z = 0, we find that x = 0, and ~ is eliminated leaving us just to con-
sider the variable y with parameters «, § satisfying an A, type discriminant

relation, the cuspidal edge
¥y = {48° + 27a° = 0}.
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We consider the images ] and Y, under the diffeomorphism

a = at Byt
B = p
Yo

giving

Y, = {45% + 27a® + 54a By + 5day® + 272 B + 54443 + 277° = 0}

as the new equations of the discriminant. This is diffeomorphic to the Cs
type discriminant. The left two-vertex diagram comes from a symmetry of

E; which was missed in [12].

(2=~ )——(o)
-3 -3

-6

4.2.9 Zi33 23y + o0 + 22

The Coxeter element is C(x,y, 2) = (e342, €6y, —2). We have A = 36 = 2N.
All symmetries coming powers of C' are included in the table below. All other
symmetries are powers of C' composed with ¢,(z,y, z) = (z,y, —z), and these

are omitted.

/ g = |g| | versal monomials | notation
By+yt+22€Zi3| C |18 1 ]
c* 19 Ly® Z13|Zg
c? |6 Ly y! Z13|Zg
Co | 3 | Ly v’ v’ vy’ | ZislZs
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Z13|Zg

For Zy3|Zy we have

F, = 2y+y°+22+8y° +a
Foo = 3%y

F,, = z°+6y° +38y>
The discriminant is easily seen to be of the By type:

e its component o = 0 corresponds to a singularity E7 at the origin
Fyla=o ~ 2%y + y* + 2%;

e and the component 3% — 4o = 0 is a 34, stratum.

In the latter case, each of the three A, singularities is Z3 symmetric with
respect to ¢3(x,vy,2) = (Wz,y, z) and has normal form 7° + 7 + z2.
We take for a function corresponding to a generic marked point x in the

base of g-versal deformation
Fo=2%y+ (y* = 1)(y° - 8) + 2%

The curve F,|,—9 = 0 is a 3-cover of C, with order 3 branching points at
y> = 1,1° = 8, and with a puncture at the origin. It retracts onto the

following configuration, with the nodes at the branching points.
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In the 2 variable case, the vanishing E; y-cycle is a linear combination of
the 9 intervals along the circle and the 3A,; vanishing y-cycle is a linear
combination of the 9 others. The 3 variable case is a suspension of this. In
particular, the self-intersection of the 34, x-cycle is 3x (—3) = —9. Similarly,
the self-intersection of each triple part of the 3 variable E7; y-cycle is —3. The
rest of the intersection information about the two vanishing x-cycles may be
derived from the intersections at the branching point y = 1. So we consider

the events over the arcs and interval in the picture below.
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The orientations at y = 1 of the corresponding summands of the E; and 34,

X'-cycles are as follows.

Cy C.
R
w il .
] v
1
& € .
£\

We calculate the intersection numbers at y = 1.

(ILIIT) = 355 (L) = —3:~
(IILID) = =355 (III) = 3.
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Taking appropriate sums of these numbers, we complete the Dynkin diagram.

B, TS 34
5 7
-9 (152 =9

Z13|Zg
For Z,3|Z¢ we have
F, = 2*y+y°+ 22+ + 8y +a
Foo = 3x2y
Foy = z® + 6y5 + 4793 + 28y

If &« = 0 we have the normal form
Fg|a:0 ~ 5176 -+ y2 + 22,

a singularity of type As.

When a # 0 we find that x = 0. By considering the variable y we see
that the discriminant is of type C3, and singularities corresponding to the
a # 0 component of the discriminant occur with multiplicity 2. To satisfy
Yu; = p these must be of type 2A4,.

We notice the adjacency
Zl3|Zﬁ — X9|Z6 = Béﬁ’g),

which appears as a subdiagram of the Dynkin diagram.

24, 24,
0—0 0

Zh3|Zs

The singularity Z33|Z3 = 06(2’3) by the boundary substitution zy = 22 in the

normal form f € Zi3.
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34, 3 Ay 3 Ay 3 Ay 3 Ay 3 A
w—1 /—\ w—1 w—1 w—1
=) —C)—C)—) ’
=6 =3 =3 =3 =3 =3

4.2.10 Sy 3 2%z 4 y2* + o

The Coxeter element is C(x,y,2) = (e34x,iy,€52). Since A = 16 = N, all

symmetries are powers of C.

/ g =1 |g| | versal monomials | notation
?z+yl+yt eS| C |16 1 _
c? |8 Ly S11|Zs
C* | 4 1,y,y2, 22 S11|Z4

Si1|Zs

For Si1|Zs we have

F, = 2 2+y2+y' + B+
Fyo = 21z
F,, = 2*+49°+28y
Iy

. o= 22+ 2yz.

The conditions F,, = 0 and F,, = 0 together imply that x = 0 at any
zero-level critical point of the deformation. If y = 0, then 2z =0 and o = 0
gives the first component of the discriminant. This component corresponds
to critical points of type Ds (see Section 3.2). If y # 0, then from F|, we

must have z = 0. We are left with the conditions

V4B +a = 0
4y +28 = 0,

giving us the usual B, discriminant. Singularities of the deformation corre-
sponding to the latter component of the discriminant are of type Az with

multiplicity 2. We may start to construct the Dynkin diagram.
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Ds 2A3

42 -8 -8
Using the relation (hih)? = (hohi)? we get the condition that |U]* = 32.
Similar calculations as in QQ19|Zg show that we may take

U=4(1+1).

We may finish labelling our Dynkin diagram.

S1|Zy

The ratio of degrees of the deformation parameters of Si;|Z, coincides with
that of C,. Comparing the discriminants we can see that the unlabelled
Dynkin diagrams also coincide. By noticing the adjacency S11|Zy — Pg|Z4 =

C§4) (see Section 3.4.1), we may construct our Dynkin diagram.

M A A A A A A
4 /D 4

N
—4 —4 —4 —4

4.2.11 Wy3 2 2t + oyt + 22

The Coxeter element is C(z,y, 2) = (iz, 35y, —z). All symmetries given by
powers of C' are included in the table below, and powers of C' composed with

t.(x,y,z) = (x,y,—z) are omitted for standard reasons.

f g = |g| | versal monomials | notation

oyt +22eWis| C |16 1 -
c? |8 1, 22 Wis|Zs
c* | 4 1,2, 2%y Wi3|Za
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Wi3|Zsg
For Wi3|Zg we have

F, = et ayt + 22+ prt 4+ a
F,. = 42° +y"+ 2Bz
3

Fyy = 4xy°.

If z =0, then y = 0 and we get a component of the discriminant with oo = 0.
Singularities of the deformation corresponding to this component are type
A7, If © 2 0 we still find that y = 0, and we get the conditions

t*+ B2 +a = 0
422 +28 = 0,

giving the usual By type discriminant. Singularities of the deformation cor-
responding to the latter component of the discriminant are of type Az and
of multiplicity 2. The self-intersection numbers are given in Section 3.2. The

Dynkin diagram is given.

With the relation (hihs)? = (hghi)? on the generators hi, hy and the fact
that U € Z (es) , we use standard calculations to find U = 4(1 + )(1 + &3)

and we complete our diagram.
Wi3|Zy

The singularity Wi3|Zy = Cf) by the boundary substitution yy = y* in the

normal form f € Wis.

&
|
|
&

W)z
O
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4212 Qpar*z+yP+2°

The Coxeter element is C(x,y,2) = (e2x,wy,e52). If g is of the standard

form g(z,y,z) = (az, by, cz), then the numbers a, b, ¢ satisfy

This system of equations has 2N = 30 solutions. Symmetries are compositions

of powers of the classical monodromy with the involution

Lx(xa Y, Z) = (—.T, Y, Z):

which corresponds to a symmetry of the Dynkin diagram of )15 shown in

Figure 4.2.
N N
\_/ \_/
Figure 4.2: Dynkin diagram for Q)1
/ qg= lg] versal monomials | notation
P?z+yP+2°€ Q| C,1,C | 15,30 1 i}
C3,1,C% | 5,10 1,y Q12|Z10
1,C° 6 1,2, 22 23, 24 Q1s|Zs
C5 3 1,2,%’,22,23,24 Q12|Z3
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Q12’Z10

For 12|71y we have

F, = 222+y"+2°+By+a
F, = 2xz
F,, = 3y°+p
F,. = z? + 524

We find that at any zero-level critical point of Fj, we have x = z = 0. We

then have the system of equations

v+ By+a = 0
3P+ = 0.

Eliminating y gives the equation for the only component of the discriminant:

5= (7)
2/ \ 3 )"
a standard A, type discriminant. The deformation Fj has singularities of
type Dg at discriminant points. The necessary self-intersection numbers have

been described in Section 3.2. We begin to construct the Dynkin diagram.

2(vV5-3) 3(V5-3)
Using the relation hyhohy = hohihs we get the condition |U]? = 25. Since

this is already a square number, we may take U = 5.

5 5
i) 5_3 ,\[_3
Q12|Z3

We can identify (Q12|Z3 ~ Dé3) by the boundary substitution y, = y* in the
normal form f € Q15. This is consistent with the adjacency Q12|Zs — Q10|Zs.
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Q12| Zg

The singularity Qg|Z¢ is a folding of the above singularity QQ12]Zg. This is
also consistent with the adjacency Q12|Z¢ — Q10|Z¢. See Page 53.

24, B Ay B Ay A Ay B Ay
3 @ (3) 3
- - - N -

4.2.13 Sy 3 2%z +y2? + a?

The Coxeter element is C(x,y, 2) = (137, €13y,€132). Since A = 13 = N is
prime, all splitting symmetries of this singularity have one parameter g-versal

deformations.

/ g =1 |g| | versal monomials | notation

?z+yl+ayPeS,y| C |13 1 -

4.2.14 Uy > 23 + 45 + 2

The Coxeter element is C(z,vy, z) = (wx,wy,iz). The numbers a, b, ¢ satisfy

So we have



Symmetries are compositions of powers of the Coxeter element with the map
o(r,y,2) = (wr,w?y, 2),

corresponding to a symmetry of the Dynkin diagram of U;s as shown in

Figure 4.3.

Figure 4.3: Dynkin diagram for Ui

f g = | |g| | versal monomials | notation
Byt ecUy| oC | 12 1,y Ui2|Z1o
C |12 1 -
oC?| 6 1,y, 2%, yz> Ut2|Zsg
C? | 6 1,22 (Uh2|Zg)'
oC? | 12 1,2y (Ur2|Z12)
c3 | 4 1, z,y,xy Ui2|Z,
oC* | 3 | 1,2,y,2% yz,yz? Ut2|Zs
ct ] 3 1,2z, 22 (Ur2|Z3)'
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U12|Z12

For U12|Zlg we have

F, = 2+ +2'+By+a

F,, = 3a°
F,, = 3y + 3
F,. = 42°

giving * = z = 0 at any zero-level critical point of F}. If we eliminate y from
the remaining system of equations, we get a standard A, type discriminant,
where points on the discriminant correspond to singularities of Fj of type
Eg. Self-intersection numbers have been described in Section 3.2. We begin

to construct the Dynkin diagram.

U
2v/3 -6 2v/3 -6

Using the relation hihohy = haohyhs, we find |U|? = 24. Standard calculations
show that we may take U = 2v/3(1 + ).

Bs 9v/3(1 + i) 26

2\!3—6 2\!3—6

The singularity Uso|Zy = fol) by the boundary substitution z, = 2* in the

Ui2|Zy

normal form f € Uy,.
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(U12 |212),

The singularity (Ui2|Z12) is an order 3 folding of Ujy|Z4, analogous to the
folding of Dy to Gbs.

U12|Zs

The singularity Uys|Zs =2 E by the boundary substitution xy = 2® in the

normal form f € Uy,.

Us2|Zs

The singularity Uys|Zg is a folding of Uja|Zs.

Ag 3 6 24, _6_ 245

(Ua|Z3)'

For the singularity (Uj2|Z3)’, we notice that the deformation monomials in-
volve only the variable z, indicating that x = y = 0 at any component of
the discriminant. The remaining system of equations involving z gives the
standard Az swallowtail discriminant, with singularities of F, of type Dy at
generic points of the discriminant. We find intersection numbers by using
the adjacency (Uia|Z3)" — (Ps|Zg)'. For details see Section 3.4.1.
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(Usa|Zg)'
The singularity (Uy2|Zg)' is a simple folding of (Uy2|Zg)’, analogous to the
folding of A3 to Bs.

Di 2D,
OO
=3 =5

4.2.15 Uy 3 2%y + > + 2

The singularity U;s has two normal forms. Considering symmetries on the
normal forms separately we get distinct results. All symmetries are described
in the table, but only the monodromy group (Uj2|Z4) has not appeared in
the previous section.

As before, the Coxeter element is C(z,y, z) = (wx,wy, iz). The numbers
a, b, c must satisfy

a?b=0p=ct=1.

This system of equations has 2N = 24 solutions. Symmetries are composi-

tions of powers of the classical monodromy with the involution

Lz(l‘,y,2> = (—x,y,z),

which is a symmetry of the Dynkin diagram of Ujs as shown in Figure 4.3.

/ g= lg| | versal monomials | notation
y+yi+teln| CuC |12 1 _

C?1,C* | 6 1,22 (Ur2|Z6)

L C? 4 1y, 2, x2? (Ura|Zs)'

e 4 1z, y, ?/2 (U12|Z4)”

C*1,C*| 6 1,2, 2% (Ut2|Zs)'
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(Ur2|Z4)'

For (U2|Z4)" we have

F, = 2y+ ¢+ 2"+ 622 + v + By + «
F,. = 2xy+42°
Foy = 4302+ 29y + 5
F,. = 42°+2xz.

If z =0 at a critical point, there are two cases to consider. The first case is

when y = 0, in which case x # 0. This gives us a discriminantal component

The second case is when z = 0 but y # 0. This implies that x = 0, and the

component of the discriminant appearing here has equation
Yy = {27a® — 18aBy — B*y* + day® + 4% = 0}.

The union of these discriminantal components »; U Y5 is isomorphic to a Bs
type discriminant multiplied by the line in the direction of §.
We consider finally the case z # 0. This implies that both = # 0 and

y # 0, and gives a component with equation
Y3 = {6% + 490" + 1686* + 64a = 0}.

A generic two dimensional section can not be found by simply setting two
variables to be constant. Rather, we take v < 0 constant, and tilt slightly by
setting 0 = v+ €f3, for some small € > 0. In the figure below, ¥3 is displayed
in bold for distinction and the dashed line is the generic line from which we

find our relations.
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We notice the following adjacency:
(Una|Za) = JiolZ = C5Y,

details of the latter being described in Section 3.4.3. This implies without
calculation that critical points corresponding to ¥, are of type Ajz. Since
critical points corresponding to ¥ occur with multiplicity 2, these must be
2A;. Similarly, critical points corresponding to 3 occur with multiplicity 4
and so must be 4A4;. We denote the Picard-Lefschetz operators hi, ho, hs, hy
number them according to the anticlockwise order in which the correspond-
ing simple loops leave x. By the adjacency, the relations on hy, hs, hy are
known. By moving the generic line around nearby non-generic points of the
discriminant we can add the relations involving the generator ho. The full set
of relations is described in the Dynkin diagram below. Intersection numbers
for the subdiagram corresponding to Ji9|Z4 are described in Section 3.4.3,
the remaining are described in Section 3.2. In this diagram the generators
from right to left are ho, hy, hy, hs.

24, 4 Az 4 Az 4 4A4
i1 i—1
== )—()==)
—4 —4 —4 -8
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The weights of parameters are in the ratio (1 : 2 : 4 : 6). This ratio is not seen
as a ratio of weights of basic invariants for any group in the Shephard-Todd
classification [21], and the skeleton of our group has not been seen as a linear

complex reflection group.
(U12|Z4)"
The singularity (Uy2|Z4)” may be identified with Df) by the boundary sub-

stitution zy = 2*, and has already been seen for Ui2|Z4 on Page 71. This
happens because Uys, like Dy, has two normal forms. In fact, we can think

of Uiz as being the direct sum of singularities
U =Dy ® As

which has already been used to get the Dynkin diagram of Uys.

4.3 Classification of Equivariant Symmetries

The goal of the rest of this chapter is to list all smoothable equivariant
symmetries of the unimodal singularities. According to Proposition 2.5, a
necessary condition for an equivariant deformation to be smoothable is for
it to have a linear term in its deformation. We list all deformations with a

linear term and identify the non-smoothable deformations as they occur.
Proposition 4.1. Let X be stably equivalent to a function germ in two vari-
ables. If the g-versal deformation is of the form

F,=xy(z,y,2,\) + 2,

where 1 is not constant, then F, is not smoothable.

Proof. The curve xi)(z,y, \) = 0 in the (x, y)-plane is, for any A, with singu-
larities at the meeting points of its two component x = 0 and ¢ = 0. Hence

the corresponding surfaces in C?® are never smooth. O

We regularly reference this proposition throughout the following classification

to quickly identify non-smoothable deformations.
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In the classification of invariant symmetries we used the formula u; = u
(see Page 34), where u; denotes the local Milnor number of the singularity
related to the cycle corresponding to the Picard-Lefschetz operator h; and
1 is the Milnor number of the unimodal singularity we are considering. In
short, the sum of local multiplicities is equal to the total Milnor number.
Since equivariant deformations never include the constant monomial, this

statement is generalised to

where wy, is the quasi-degree of a function germ corresponding to the Picard-
Lefschetz operator h;, and w,, is the quasi-degree of the parameter a; mul-
tiplying the linear term in the deformation (when this is defined uniquely).
We also define wy and w, similarly for the function germ representing the
unimodal singularity.

Throughout the rest of this chapter, following what has been said in
Sections 2.1.2 and 2.1.3, we consider fractional powers of C. We do not
consider any integer powers of C' since these have already been described in
the invariant classification.

We generalise the argument about the determinant of the matrix of ex-
ponents in the equivariant case. Consider the basic equivariant g, of the
meromorphic function f/x. The number of symmetries (f/z) o g = f/x is

equal to the absolute value of

ap—1 B m
A, = ag — 1 52 Y2 |
az—1 f[3 73

where o, 3;,7; are exponents of the system of equations in the corresponding
invariant problem. If A, = |g,| then every invariant symmetry of f/x, that is
every equivariant symmetry of f multiplying x by the same factor, is a power

of g.. We will also compare the basic equivariants to the Coxeter element.
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4.3.1 FEp >3+ y7 + 22

Consider the meromorphic functions

flr = 22 +9 Jo+ 22z
fly = @Jy+y°+2/y.

The Coxeter element and basic equivariants are

C(l’,y,Z) = (W%E?y,—z)
gx(sc,y7z;f) = (—x,eiy,—z’z;—f)

gy(ma Y, z; f) = (5I8$7 €Y, €IQZ; €6f)>

and we have g, = C %, gy =C §. The determinants of the matrices of expo-

nents are
2 00 -1 0
A,=| -1 7 0]=28, Ay: 0O 6 0]=236.
-1 0 2 -1 2

Since we have A, = |g,| and A, = |g,|, all equivariant deformations preserv-

ing the monomial x or y are given by power of g, or g, respectively.

f g= g] versal monomials | notation
2} +y" 422 € By Gz 28 T _
Gy 18 Y _
2 4 4
gy?.gy 1879 v,y Elg/Zg
92 12 v, y°, 0 ICYYAT
90,95 | 4 |y xytay’ P ayt | B/l
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E\o/Zy
For Ei5/Zy we have

F, = 2 +y" + 22+ By + ay
F,, = 32°
F,, = Y5 + 48y° + o

At any critical point we have x = 0. Considering the variable y we find the

discriminant is of type By. For a = 0 we have the equivalence
Fylaco ~ 2* +y* + 22,

a critical point of type Eg. For o # 0 critical points occur with multiplicity
3. To satisfy Eui% = ,u%, we make the following considerations.
We make a one-parameter deformation of a two variable representative

function germ of Ei5 in the direction of y, that is
f=2+9y" +ay.

For this quasi-homogeneous function we may take weights wy = 21, w, = 18.

The Milnor number of the singularity is u = 12 giving

w
p—L = 14.
We,
The first discriminant component {aw = 0} corresponds to singularities of type
Ejg, for which we also write a one-parameter deformation in the direction of
Y,
h=2"+y" +aw.

In this case we may take wy, = 12, w,, = 9 to make f; quasi-homogeneous.

Then we have
w fi _ 8

M1
Wey

This leaves a contribution of 6 which must come from the other components
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of the discriminant. Since these occur with multiplicity 3, they must be of
type 3As;.

In this y-axis x = 2z = 0, consider the deformation
ﬁm:z:O = 3/7 - 33/4 + 23/7

with its graph and the roots in the complex line C, shown below.

~ A
F;p:z:(] (Cy *

/0 1

Adding the variable 23 to give

Fo=2+y" =3y +2

produces an order 3 ramification of C, whose branching points are roots of

Z:}:Z:O. A schematic picture of the cycles this produces are shown.

Wi
[N
'
N
[N
[N

2
CI?y
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At the point (x,y) = (0, 1) of this surface we choose x for the coordinate. So

the meeting of the two triples is:

Ce

€l
—_

Locally, this is the same as the intersection of two Ag?’) x = w-cycles. Locally,
this figure gives % Addition of 22, for this local intersection number, is sim-
ilar to the stabilisation of the Zs-symmetric function y? — 3y? + 2y + zo(+2?),
xo = x°. Since this local configuration is present at three branching points,
we multiply this number by 3 to obtain the intersection number between
cycles ey, es : (€1, e9) = %.

We start to construct the Dynkin diagram.

We have still to find the self-intersection number of the cycle corresponding
to Eg. Instead of doing this directly, we use the fact that the generators
satisfy the relation (hyhs)? = (hghy)?. The unknown U is the solution of a

linear equation and thus the solution is unique.
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E12/Z12

The singularity F12/Z15 is adjacent to B§4’3)

, details of which are given in
Section 3.3. Moreover, its deformation has discriminant of type Bj, so it

remains only to extend the diagram.

S 24, 5 24,

RS

/7y

The singularity Ei5/Z4 is adjacent Jyg/Z4, details of which can be found in
Section 3.4.3. A sabirification (see [12]) of a function germ corresponding to

J10/Z4 is given by
Fl=z(z+y"+y—1)(z—y*+y+1) +ay

where the zero-level set is given by Fy. The following figure is arranged
as follows. Between the brackets [ | the thin curve represents the graph
Fy =0, the thick F7 = 0, for some small, real a # 0.

X
T

-0

—Y

82



Adding the monomial 37 we define F, = y” + F/, which is a deformation of
FE\5/Z4, which modifies the above graph of Ji5/Z4 by closing up the loops
on the outer sides of the brackets | ]. Using this, we claim there exists
a sabirification of Ei5/Z, whose graph is diffeomorphic to that given in the
figure, ignoring the brackets. Then the Dynkin diagram for Ej5/Z4 is a

simple extension of the diagram for Jyo/Zy.

24 24
(2)2)

24, 24, 24 Ay

—4 —4

We denote the lower of the three generators connected by curved edges by
h4, and travelling clockwise the other two are h;, hg respectively to match

Table 5.1 on page 127. The corresponding y’-cycles satisfy e, = eg + er.

4.3.2 Zy > 2%y +y° + 22

The Coxeter element and basic equivariants are given by

C(Z‘,y,Z) = (5115$755y>—2>
gx(xayazvf) = (6%1x78?1y7€%gz;5%1)

gy(z,y, 2 f) = (wz,iy,edz;if).

We have g, = C11, Gy = Ci. Since A, = |g.| = 22 and A, = |g,| = 24, all

symmetries are powers of the basic equivariants.
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/ g= lg| | versal monomials | notation
By+y>+22€ 2| 9,00 | 24,8 Y —
9y 12 Y, y° Z11 /72
Ges 92 | 22,11 T _
9 4 y, y°, xy, xy? Zn1 )Ly

The singularities Z11/Z1 and Z3; /74 are not smoothable since in both cases

the deformation is of the form

F, = y(z,y,\) + 22,

4.3.3 Ei32 23+ 2y° + 22
The Coxeter element and basic equivariants are
C(z,y,2) = wz,el5y, —2)

gac(l”yaz; f) = (—[E,€5y, —iZ; _f)

gy(%%%f) = (5?3%5%3?/’5522?5%3f)-

We have g, = C2, g, = C'13. Since A, = |g,| = 20 and A, = |g,| = 26, all

symmetries are powers of the basic equivariants.

f g= lg] versal monomials | notation
P +ay+22 € B | g, 20 v -
gya 95 26, ].3 y .

g:ii 4 IJ?J,IZ/Q,Z‘yg Elg/Z4

The singularity F43/7Z,4 is not smoothable since its deformation is of the form

F, = x(z,y,\) + 2°.
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4.3.4 Qi3 2%z +y>+ 24

The classical monodromy and basic equivariants are

Cla,y,2) = (s3z,wy,i2)
9e(x,y, 2, f) = (e32,€%5y, €52 65 f)
gy(z,y, 2 f) = (e, —y, 82— f)
9:(x,y, 2 f) = (—x,e5y,wz0f).

We have g, = h%, gy = h%, g, = hi. Since the determinants of the matrices
of exponents are equal to the order of the basic equivariants, all symmetries

are powers of the basic equivariants.

/ g= lg| | versal monomials | notation
2+ P+ 2 € Qo | 92,97 | 18,9 2 _
Gy 16 Y _
9z 15 x _

9a 5 X, Yz Q10/Zs

Q10/Zs

The singularity Q19/Zs has deformation and partial derivatives:

F, = 222+ 7 + 21+ Byz + ax
Foo = 202+«
F,, = 3y°+8z
F,. = 2°+42° + py.

For @ = 0 we have

Fyla=o ~ vz + 1y +yz.

The Milnor number of this is 5 (by finding a basis for the local algebra, for
example), and the presence of the non-degenerate quadratic form yz means
this is a codimension 2 singularity. For these reasons, the critical point is of

type As. For a # 0 the discriminantal component is of type As. A generic
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line intersects this component twice, and singularities on this component

occur with multiplicity 2. To satisfy Xy wfi_ = uZ—i, this component must

wal

correspond to singularities of type 5A;.

The discriminant is the union of a standard A, type cusp and a line tan-
gent to the cusp. We will calculate the braiding relations for the generators
of the fundamental group of the complement to the discriminant. Take a
generic line in the complement to the discriminant transverse to the line
« = 0. In this line we may use (3 as a coordinate and identify the line with
the space Cg. Projecting the generic point * along this line gives a point in
the space C,. A operator D that moves a point continuously by 27 /3 around
the origin in C, induces a homotopy between a copy of the line over 1 and a
copy of the line over w. The operator D is defined in such a way that D3 de-
fines a closed path in C,, the induced homotopy of which in the whole space
C? is just the identity. We watch what happens to the generators during this

process to find relations.
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Let 7; denote the loop ~; traversed in the opposite direction. The operator

D may be written in terms of the generating loops as follows.

D :
Y1 1727372
Y2 M2

Y3 = M

Note that this also implies that D : y37271 — Y372771. We continue.

D?:

Y1 Y1237 21
Y2 Y1Y27Y37Y2Y3Y2 1
Y3 172737271

D3
Y1 V123123213 e M1
Yoo = Y1231 Y2132 1

Y3 Y1233 Y2 71

Since the action of D? on the generating loops is homotopically equivalent

to the identity, we deduce the braiding relations

Y1Y2Y3V2Y1 = V372717372
Y1Y3V2V1Y2 = Y217Y3T2
Y3V21Y3 = Y17Y37V271,

where the first relation may be ignored since it is implied by the other two.

We find that this group is isomorphic to the braid group obtained from taking
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the unique lift of the Shephard-Todd group G3 in the style of [7], and use the
convention from that paper to draw the Dynkin diagram, where the generator
in the bottom right is hy, and travelling clockwise generators are hy, ho, hs.

We use unknowns U, V, W to denote the unknown intersection numbers.

5A;1
A
Ay
—10
Vv
-5 w
U
—10

Let eq, €5, €3 denote the y'-cycles corresponding to generators hy, ha, h3. We
may normalise e; according to the ambiguity in labelling chains up to power

of —e5 so that the following relation holds for some constant K
€1+€3—K62:O.

Taking the intersection of this condition with each cycle, we find the system
of equations
(e1,€:) + (e3,e;) — K (e, ;) =0

for ¢ = 1,2, 3. Substituting in the unknowns U, V, W, the system becomes

—1004+w—-—KU = 0
u+V+5K = 0
W—-10—Kv = 0,
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where we use the notation U = u, and so on.
The unknowns U, W (and therefore u,w) can be eliminated from this

system of equations by

U = —v—5K
W = 10+ Kv,

leaving the condition on the remaining unknowns
9— KV — Kv+10|K]* = 0. (4.1)

In the chart eq, e5, we write our generators explicitly and use the relations

hlhghghlhg—hghlhghghl - 0
hgthlhg—hlhgthl = 0

We see by taking resultants of entries in these matrices to eliminate V' that
each matrix relation yields one scalar equation. Let these be S and T'. Taking
resultant(S, T, v) gives a degree 4 equation on |K|?. This has four solutions:
1, a negative solution, and two complicated solutions. Working backwards
from the complicated solution shows that they violate the hyperbolicity con-
dition (the determinant of the intersection matrix must be negative), and
we must therefore choose K = 1. This provides all of the other intersection

numbers.

5A;

Ay
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As we calculated, the cycles satisfy the relation e; + e3 = e,.

4.3.5 E14> 3 + y8 + 22

The Coxeter element and basic equivariants are given by

C(.T,y,Z) = (ww,egy,—z)
gx(x7y7z;f> = (—x,é‘%y,—iz;—f)

gy(x.y, 2 ) = (52, 67y, c14z;567f).

We have g, = C %, gy = ,C 7 Symmetries coming from powers of the basic
equivariants are given in the table below. The determinant of exponents
A, = 32 = 2|g,|, and extra symmetries are composition of powers of g, with
the involution ¢,. Since this singularity is stably equivalent to a function
germ of two variables, z being the third, we ignore such symmetries. We also

observe A, = 42 = |g,|, and consider symmetries coming from powers of g,.

/ g= lg| | versal monomials | notation

1+ + 22 € Euy | gy 9, | 42,21 y B/ T
Yz 16 Z IDVYYAT:

9y 9y | 147 y, 2y’ B/

By /7

The singularity F14/Z7 has deformation and partial derivatives

F, = 234+ y® + 2% + Bay® + oy
Fg,x = 3‘@2 + ﬁyg
F,, = 8y +3pxy”.
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At o = 0 we have
Fylazo ~ 7% + 2y + 2%,

a critical point of type E7. For a # 0 (i.e. y # 0) we find the relation
a = (—3/3)3, meaning the discriminant is of type Go. Since a generic line

intersects this component once, and singularities corresponding to this com-

ponent have multiplicity 7, they must be of type 74, to satisfy Xy, —2% = uZ—i.

Way,

In two variables, for generic value of «, 3, consider the zero level of the
function of a branched cover of C,. The branching points are zeros of X,

which has equation

Se = (ay+y®)?+ (By°)?
= Py + 2a+ )y +a?) =0.

Choosing «, 3 so that the values of 47 are real negative, we have the following
picture in C, for the branching points. The branching at y = 0 is of order 3,

elsewhere of order 2.

Cy

This picture is for a base point x € A\ 3. As * moves to the component
corresponding to the F; singularity, the interior points collapse to the origin.

As x moves to the component corresponding to the 7A; singularities, we
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collapse the pairs of order 2 branching points. Joining the inner branching
points along the involved pairs of sheets to the origin of the curve, we get

the 7 circles from which we make the vanishing E; x’-cycle.

Cl‘,y

Therefore, in the two variable case the intersection of the two y-cycles in 7

and this survives adding 22. We begin to construct the Dynkin diagram.

E TA;

o ~T4
We have still to find the self-intersection number of the cycle corresponding
to E;. Instead of doing this directly, we use the fact that the generators
satisfy the relation (hihy)® = (hahy)3. The unknown U is the solution of a

linear equation and thus the solution is unique.

E; 7 TA
1—e
e —14
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4.3.6 Zip > 2%y + ayt + 22

The Coxeter element and basic equivariants are

C(l’,y72) = (silx’gfli% _Z)
9o(@,y, 2, f) = (8w, iy, el67 6 f)
gy(ﬂj,y,Z; f) = (wxaegyagiéz;ggf)'

We have g, = LZO%, Gy = C% . Since the determinants of the matrices of
exponents are equal to orders of the respective basic equivariants, all sym-

metries are powers of these basic equivariants.

/ g= lg| | versal monomials | notation
By +ayt+22€Ziy | g | 16 . _
94,95 | 18,9 y _

g 8 x, vy ALY

9.9y | 6,3 y,zy, y Zha)Zs

gl 4 x, 2y, vy, o3 ACYYA

The singularities Z15/Zs and Z12/7Z,4 are not smoothable since in both cases

the deformation is of the form
Fy = a(z,y) + 2%

The singularity Z12/Zg is not smoothable since its deformation is of the form
F, = yi(z,y) + 2°.

4.3.7 Wy szt +9y° + 22

The Coxeter element and basic equivariants are given by

C(xayv'Z) = (ix7€5y7_z)
9o(z,y, 2 ) = (wz,el5y, c62;w )
gy(z.y, 2 ) = (e, iy, €321 f).
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We have g, = ¢,C %, gy =C . The determinants of exponents satisfy A, =
30 = |g|, Ay = 32 = 2|g,]|. The factor of 2 in |g,| may be ignored due to the
usual stabilisation considerations, and we consider only symmetries arising

as powers of the basic equivariants.

f g= lg| | versal monomials | notation
oty 4 22 € Wiy 9y 16 Y —
9z, 9> | 30,15 x —

95 8 Y, y° Wha/Zs

9.9, | 6.3 | wytatyay | Wia/Zg

Wia/Zsg

The singularity Wis/Zg has deformation and partial derivatives

F, = 2" +9y°"+22+ By’ +ay
Fo. = 423

F,, = 5yt + 36y* + a.

At any critical point we must have x = 0, so by considering the variable y

we see the discriminant is of type By. At a = 0 we have
Fylaco ~ z* + 4 + 22,

a critical point of type Fj.

Since a generic line intersects the a # 0 component once, and singularities
corresponding to this component have multiplicity 2, they must be of type
2A3 to satisfy Zpiz—z = uz—i.

To find the intersection number between the cycles we use similar methods

to those given on Page 79 for Ei5/Zg. Consider the deformation

Fx:zzo - y(y2 - 1)(y2 - 4)7

and its graph.
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il

—=2=0

Adding the monomial z* we get
Fooo = 2" +y(y* = 1)(y* — 4).

The branching points giving by the zero level of this surface are roots of

szzzo. The schematic picture is as follows.

Cey

)

To find the intersection number of the two cycles, consider the picture at

(x,y) = (0,1) with local coordinate z.
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So the local intersection number in 2 variables is the same as the intersection
number between two cycles of type As, and this is given in Section 3.2.
This number survives the addition of the third variable z? under the usual
stabilisation procedure, and since we must also consider the point (z,y) =

(0, —1), we take twice this number giving the Dynkin diagram as follows.

Eg 8 243

1—1
(=)
U —8

We have still to find the self-intersection number of the cycle corresponding
to Es. Instead of doing this directly, we use the fact that the generators
satisfy the relation (hiho)? = (hohy)?. The unknown U is the solution of a
linear equation and thus the solution is unique. Note that the self-intersection
number of the cycle corresponding to the Fy singularity is different to what

has been seen earlier due to a different symmetry (that is E15/Zg on page 79).
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Wia/Zs

The singularity Wis > 2* + 9° + 22 has quasidegree 20, the variables have
weights 5, 4 and 10 respectively. Consider the deformation

F, = o'+ 9"+ 22+ 6xy® +y2°y + By* + ax
F,o = 42° +0y° + 2yzy +
F,, = 5y + 30y +y2* + 2By.

The ratio of the weights of the parameters
d:v:f:a=1:2:4:5

is not seen anywhere in the Shephard-Todd classification, and so our discrim-
inant is of unknown type.

We note the adjacency Wiy/Ze¢ — Xo/Ze, and so our diagram is ob-
tained by adding a vertex to the known diagram for Xo/Zg, which is given
in Section 3.4.2.

If we assume zy = 0 in F}, and its derivatives, we find that x = y = 0.
The discriminant component corresponding to such critical points of Fj is
Y1 = {a = 0}, and F} has singularities of type A3 on this component. Next

assume zy # 0. The discriminant component in this case is

Yo = { —88%9°5% — 500088ca® + B2y*0t — 842 B%6* — 276%2 B — 1283402y +
+6473635% + 5000°6~* + 400075%a? — 225063y + 180062 5% +
+320% 33 — 2008~ + a?y35* — 8a?416% + 768+ 81 + 167702 +
+168%9°% — 192334* +16849* 4 270°0° — 6°v3ap + 86°y*af —
—166~°af + 704673 8% — 2966342 3? — 25606y + 366°yaB? +
+2165*a?By — 430~7*a?6%B + 3125a* — 10245° =0 }.

A generic section is found by setting ~, ¢ sufficiently large and negative.
The diagram is given below along with a generic line. In this section the

component Y is isomorphic to a generic section of an A, discriminant, the
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Y31 component is a line arranged in such a way as to create a triple point and
a tangential point of the generic section. We number the loops around the
discriminant according to the order in which they leave the point x in the

anticlockwise direction.

The majority of relations come from the adjacency to Xg/Zg. In our notation
the new generator is hs. In the diagram, hs corresponds to the lower right
hand vertex. Travelling clockwise, other vertices correspond to hy, ho, hs, hy

respectively.
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Most intersection numbers come from the adjacency, the remaining from
Section 3.2. The weights of the deformation parameters are in the ratio

(1 :2:4 :5). This has not been seen before as a ratio weights of basic

invariants of groups in any classification, and the skeleton is new.

The x'-cycles corresponding to the generators connected by the curved

edges satisfy the relation e3 = e4 + es.

4.3.8 Q1 > 2%z + 93 +y2?

The Coxeter element and basic equivariants are

We have g, = C’%, Gy = O and g. = C%. Since the determinants of the

matrices of exponents are equal to the orders of the basic equivariants, powers

Clz,y,2
9u(z,y, 2 f
9y(, Y, 2
9-(x,y, 2 f

2)
)
f)
)

7
1
7
€1
7
1

(
(
(
(=

g 23?,

€187, WY, 592)

17, 511% 5112 511f)

—Y,Wz; _f)

T, €7y, €72; 7).

of the basic equivariants give all symmetries.

/ g= lg| | versal monomials | notation

PPzt 4yt e Qu | g.,97 | 14,7 z Q1174
Yy 12 Y Qu1/Z1:

Ya 11 x Qu1/7n

9y 4 Y, yz,yz° Q11/Zy4

The singularity Q11/Z4 has deformation

F, = 22z 4y + y2® + vy + Byz + ay.
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This is not smoothable since it is of the form
Fy=2"2+y¥(y,z,\)
and has a critical point whenever

x=y=19(0,2,\) =0.

4.3.9 Z33 23y +9° + 22

The Coxeter element and basic equivariants are given by

C’($,y,z) = (851)817756:% —Z)
gz, 9,2, f) = (5?3%5?3%53625551)3f)
gy(iﬁa%z; ) = (W5177€5?/,€102’;55f)

We have g, = 1,CT5 and Gy = 1.C%. The determinant A, = 13 = |g:| and so
all symmetries preserving the monomial x are powers of g,. We find further
that A, = 30 = |g,|, so all symmetries preserving the monomial y are powers

of gy.

f g= lg| | versal monomials | notation
2y +yS+ 22 € Zig | gy, 92 | 30,15 y -
9s, g2 | 26,13 T _

92’ gg 10,6 Y, Ty VALYYAN

The singularity Z13/Z0 is not smoothable since its deformation is of the form

Fg = yib(:c,y, )‘> + 2%
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4.3.10 Sy 3 2%z +y2? +y!

The Coxeter element and basic equivariants are given by

Clz,y,2) = (elev,iy, %)
9oy, 2 ) = (o, ey, 65260, )
gy(@.y, 5 f) = (elw,wy, —zwf)
g-(z,y, 2, f) = (—x,ety,e2z,€f).

We have g, = C%, Gy = Cs and g, = C%. The orders of the matrices of
exponents are equal to the orders of the basic equivariants, and so symmetries

are all powers of the basic equivariants.

/ g= lg| | versal monomials | notation
P?z+y+yteSu| gy 12 y _
I 11 T _
9., 9> | 10,5 2 _

9 6 Y, Yz S/ Zg

9y 3 Y, yz, 1y’ S /Zs

The singularities S11/Z¢ and S11/7Z3 are not smoothable since in both cases

the deformation is of the form

Fg - yzb(%y, 2, /\) + xQZ'

4.3.11 Wi3 2 2t + oyt + 22

The Coxeter element and basic equivariants are given by

C(z,y,2) = (ix, gi’ﬁy, —z)
g:c<x7y7z; f) = (wx,iy,%z;wf)
gy(z,y,2, f) = (51113957 5?3% 551;3Z§ 5?3f)-

We have g, = LZC%, gy =C 15 Again we observe the determinants of the

exponent matrices are the same as the orders of the basic equivariants except
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for a factor of 2 for g, coming from the z coordinate, which can be ignored

since the singularity is stably equivalent to a function of two variables.

/ g = | |g| | versal monomials | notation
st tayt+22eWis | g, |13 y _
9o | 12 x _

9;?; 6 z, ry? Whs/Zsg

gs | 3 x, vy, 1Y Wis/Zs

The singularities Wi3/Zg and Wi3/7Z3 are not smoothable since in both cases

the deformation is of the form

Fg = x@/}(gj’ y) + 22

4.3.12 Q2> 2%z+y>+2°

The Coxeter element and basic equivariants are

C(z,y, z) (e, wy, e52)

92(2,y, 2 f) (

9y, 9,2, f) = (ewoz, y7€102'—f)
) (—

g-(w,y, 2 f x 5123/>ZZ if).

E6T, €18Y, €02 €6 f )

5 3 5
We have g, = t5,,.C3, g, = 1,C2, g. = C'1, where

LmvyVZ(x’ y’ Z) = (_x7 _y7 _Z)

So all symmetries preserving the monomial x are powers of g,.
The determinant of the matrix of exponents coincides with the order of

the basic equivariant in the case A, = 18 = |g,|. For g, and g, we have
A, =20 = 2|g,],

and
A, =24 =2]|g.|.
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So all symmetries preserving the monomial y (resp. z) are given by pow-
ers of g, (resp. g,) and compositions of these powers with the involution
te(x,y,2) = (—x,y,2), corresponding to the symmetry of the Dynkin dia-
gram of ()12 (shown in Figure 2.2.1 on Page 13).

f g= lg| | versal monomials | notation
222+ yP + 2% € Qo Gs 18 T —
9z lag. | 12 z -
Gy tagy | 10 Y -
g; 9 x, 2* Q12/Zg
gi Lxgﬁ 6 2,1, 2° Q12/Zs
9 6 z,2° (Q2/Zs)
g2 4 z, Y, yz° Qua/Z4
Lel? 4 2,y (Q12/Z4)
99,95, 95 | 2 | zy,w, 2% 2%yt | Qua/ly
L tage | 2 | 2,9, 2%, wy, y22 2t | (Qua/Zs)

Q12/Zg

In this case we have

F, = 222+9y"+2°+ 3+ ax

Foo = 202+«
F,, = 3y

F,. = 2°+52"+2832.

So at any critical point y = 0. Assuming z = 0, then we have also that z =0
giving the component o = 0 for the singularity. If we assume z # 0, we find
also that x # 0 and we get a second component for the discriminant given

by the equation a? + 32 = 0. On the a = 0 component we have
Fg|a:0 ~ lL‘4 + y3 + 22,

a critical point of type Fj. Since a generic line intersects the a # 0 component
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twice, and singularities corresponding to this component have multiplicity 3,
wy

they must be of type 34, to satisfy 2, o = pZ—i.

We start by calculating the self-intersection of the cycles corresponding to

the Ejg singularity. Define the deformation

F,

4
y=2=0 — T — T,

which has roots x = 0,1, w,w. We draw these in the C, plane.

C .

Adding the variable y to get the deformation

Fz:0:$4_$+y3

gives an order 3 covering of the space branched at the roots of Fyzzzo. The

schematic picture is given.
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Ce

117 1

For simplicity we reduce the cycle into the union of three cycles, labelled I,
II, IIT above. The labelling comes from the character

) WEW

X - w :89a

and continues for 711 in the cyclic way.

Consider just the intersection between cycle I and cycle I1 in 3 variables
by including z such that F' = z* — 2 + ¢® + 2. The local picture is given in
the C, and C, direction respectively.

To calculate the intersection number (I, IT) we make standard calculations in

the C, direction, remembering the result should be taken with —1 according
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to what happens in the C, direction. We repeat this method for (I, 1), and
find

(I,II) = &°

(ILI) = &

The self-intersection number (I, 1) = —3 using methods identical to the A

case given in Section 3.2. Adding these gives

3
—|—5§1_w—3.

(LD 4+ (IL1) + {1, 1) = 5 ——

The total self-intersection number is 3 times this. Similar calculations to
those done for ()19/Zs on page 85 give the other intersection numbers, and

the Dynkin diagram is given.

Es

-9

—9a
—-9b 9(@+1)

—9a

-9
1 —&y2

a =

w—1

(€9 +E9)(eg + 89 + 1)
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If generators hq, ho, hg correspond to cycles ey, ey, e, the relation on these

cycles is e; + e3 + e3 = 0.

12/ Zs
We have:

F, = 222+ 9y +2°+7v2° + Bz + az
Foo = 2240
F,, = 3y
F,. = 22+52'+3v2* +a.

So at any critical point we have y = 0. If 2 = 0, we get a component of the

discriminant with g = 0. If z > 0 is fixed, we get a component with equation
278" 4+ 72vB%a + 64a° — 1670 — 167°3* = 0,

a swallowtail. So the discriminant is the union of a swallowtail with its plane

of symmetry. A generic two dimensional section is given.

We notice that this singularity is adjacent to a known singularity

Q12/Z¢ — P3| Zg,

details of which can be found in Section 3.4.1. The discriminant in the P

case is just three intersecting lines, which can be seen near the triple point
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in the generic section of the discriminant of Q12/Z¢. All components of the
discriminant in the Py case correspond to singularities of type 2A4,, as they
therefore must also do in the ()15 case.

Information from the discriminant and from the known singularity may be
combined to begin constructing the Dynkin diagram and intersection diagram
for this singularity. The ratio of quasi-degrees of the parameters coincides
with that of the Shephard-Todd group G(6,2,3). Since braiding and braid-
like relations in this group are also satisfied by our generators, we use the

convention of [7] to construct our Dynkin diagram.

24,
24, 2A2
24,

The known ternary relations coming from Fy imply that U = —V. From

Section 3.2 we may take U = %.

245

245 E 24,

24,
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We denote the leftmost of the three generators connected by curved edges by
ho, and travelling clockwise the other two are hy, hz respectively to match

Table 5.1 on page 127. The corresponding x’-cycles satisfy e; + e3 + e4 = 0.
Qu2/Zs

The singularity Q)12/7Z4 has deformation and partial derivatives

F, = 2%2+ 9" +2°+yyz* + Bay + az
F,. = 2zz+ Py
F,, = 3 +72°+ Bz
F,. = 22 4+ 52 + 2yyz + a.

Assume at a critical point we have y = 0. This implies that x = 0 or z = 0.
Consider first the case x = 0. This further implies that z = 0, and defines
a component of the discriminant given by the equation @ = 0. Next assume
that z = 0 but x # 0. This corresponds to a component with equation § = 0.

Finally, assume y # 0. The final component of the discriminant has equation

10802 4 (% + 473 + 29%6* + 360762 + 448 = 0
1 2 1 3
or 3 <6a + 527 + 5’73) + (52 - 5’72) = 0.

A real generic section is shown for v < 0.
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We observe using the adjacency

Q12/Z4 — PS/Z4

that the o = 0 component of our discriminant corresponds to A3 singularities,
the f = 0 component to 2A; singularities, and the final component to 44,
singularities. A generic section of the discriminant in the Py case looks like
the section of the Q1 discriminant (shown above) near the origin. However,
this section is not maximal in the sense that some strata have gone complex.

Let us calculate the braiding relations for the generators of the fundamen-
tal group of the complement to the discriminant. We will take two generic
lines in the complement to the discriminant, and the operations D, D’ which
drag them line continuously around the origin to each other, keeping track
of both sets of generators. The action of D’ o D is homotopically equivalent

to the identity action restricted to the generating loops.

r L
4/
4
3
3 2
2! 1

1/

D
-

D/

110



Since it is clear from the picture that v, and 7} do not interact with the other
generators, we must have the equality v, = 7}, and this generator is omitted
through the following calculation.

The operator D acts on the loops 71, 72,73 in L, by sending them to loops

in L/ which may be expressed in terms of v, v, 74.

é V3 o\ D(13)
o 72 e D(72)
© N * D(m)
e

The image of the loops under D are as follows.

D :
o= AR BT
Yo = TR VM

Y3 ’Yi-

The operator D" acts on the loops 7,745,745 in L', by sending them to loops

in L which may be expressed in terms of v, vz, 3.

* *

é V5 o\ D'(v3)

© AN\ | D'(73)

DI )/ D'(7)
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, _
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The image of the loops under D’ are as follows.

Y1 Y2372
Yo o M1V27172 M1
Y3 = Y1727

We take the composition,

D' oD :
Y1 VY2312 Y12 V1 Y32 1
Y2 Y1Y2Y3V1Y2 V132 1

Y3 172737271

Using the fact that D’ o D is homotopically equivalent to the identity on

these loops, we deduce the relations,

Y2Y1Y3Y2Y1 = V17217372
Y1Y3V2V1 Y2 = V27173721
Y21V = Y3727,

where the first relation is redundant as it is implied by the following two

relations. By similar methods, we can also deduce the following relations.

YaY3 = 3Va
V242 = aY2V4
VoVaYs = VaVaV4,
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where 75 = J172m.

We now consider the imaginary strata. Take for example the generic
section with v = —2. Then the point we are interested in is (o, 8) = (0, 27).
We will drag a generic line isomorphic to C,, around this point by the operator

D" shown below.

Cps Cs
[ ] [ ]
2 y D1\ o7 D1
i'\D
\ 0
O. 1. O. 1.

The operator D” can be constructed in the following way
D" = Dy'o D} o Dy.

The parameter § occurs only in even powers in the non-trivial component
of the discriminant. This allows us to draw a real picture of the graph in
Ca,p by taking a € R, 8 € iR. This is equivalent to sending 3 — ¢ and
considering the real graph. We get

10802 — 8% + 473 + 27254 —36ay3* —~15% =0,

the graph of which is as follows.
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Lo

—=0

4

T —p
2

*v
Dy

Taking Ly to be the line («,1), the operator D? gives the same results as

when considering a By discriminant, and we get the additional relation:

(7174)2 = (7471)2‘

Since the relations on generators 71, v, v3 are present in [7], e.g. for the lifted
braid group corresponding to the Shephard-Todd group G5, we adopt this
Dynkin diagram as the subdiagram corresponding to these generators. In the
diagram, the generator on the far right is h4. Travelling around clockwise from
here, the generators are hy, hy, hs, hs. Standard considerations respecting the

known relations allow us to calculate the remaining intersection numbers.
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u=1—1

The x'-cycles e, 9, €3 corresponding to generators hq, ho, hs satisfy the rela-
tion (1 +1i)ex = €1 + e3.

Non-smoothable deformations

The singularities (Q12/Z¢)" and ((Q12/Z4)" are not smoothable since in both

cases the deformation is of the form

QIQ/ZQ and (Q12/Z2)/
In both cases the positive subspace in the cohomology is not split by the

group. Indeed, the singularities are adjacent to similarly Zs-equivariant Py
functions whose HY~" (respectively HX¥= ') contains the whole rank 2 kernel
of the Py intersection form (this follows from consideration of the cubes of
the order 6 symmetries in lines 9 and 4 of Table 2 in [14]). Hence HY~' of
Q12/Zs (vespectively HX="" of (Q12/Z5)" ) contains the whole rank 2 positive
subspace of the ()15 intersection form.

We remark that in both cases the modular monomial yz* enters Zo-

equivariant versal deformations.

4.3.13 Siy > 2%z +y2® + ay?

The Coxeter element and basic equivariants are given by

Cla,y,2) = (e13%,€15Y,€132)
9e(x,y, 2, f) = (92, wy, €92, 55 f)
9y(z,y, 2 ) = (5, €50, =25 €50 f)
g:(2,y, 2 ) = (—x,63y, 632 3f).
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We have g, = C v, gy =0C 10, 9. =C . Orders of matrices of exponents are
equal to the order of the basic equivariants, so symmetries are powers of the

basic equivariants.

/ g = | |g| | versal monomials | notation

24y +ay €S| g, |10 y _
Jx 9 €T _
9z 8 2 _

95 5 Y, yz S12/Zs

g2 4 2y’ S12/Z4

g; 3 x, Y2, 22 S12/Zs

995 | 2 |y, 22y, 0%y 2,y | Si2/Zs

The singularity Sio/Zs has deformation
F, = 222 4+ y2* + 2y + Byz + ay.
This is not smoothable since it has a zero level critical point whenever
P2+ Bz4+a=0,z=y=0.
The singularity Si/Z4 has deformation
F, = w2z +y2t + xyd + By + az.

This is not smoothable since it has a zero level critical point whenever

The singularity S12/Z3 has deformation
F,=2*2+y2> + 2y + 72 + Bry® + azx.
This is not smoothable since it has a zero level critical point whenever

v+ By +a=0,2=2=0.
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S12/Zs
In this case the positive subspace in the cohomology is not split by the
symmetry. Indeed, the singularity is adjacent to a similarly Zs-equivariant Py
function whose HY~ ' contains the whole rank 2 kernel of the Py intersection
form (this follows from consideration of the cube of the order 6 symmetry
given in line 4 of Table 2 in [14]). Therefore, HY~ " of S»/Z, contains the
whole rank 2 positive subspace of the S intersection form.

We remark that the modular monomial 3° enters Zy-equivariant versal
deformation of Sy9/Zo.

4.3.14 Up > a3+ 93 + 24

The Coxeter element and basic equivariants are

Cr,y,z) = (wr,wy,iz)
($ Yy, z; f) = (_$a5gy,582§—f)
(.CE Y, z; f) = (523:7 _y7€82;_f>
9:(z,y, 2 f) = (g2, €5y, wzswf).

We have g, = 0'0%7 gy = 0'20%, g, = C'%, recalling the map o(x,y,z) =

(wx,w?y, z). The determinants of the matrices of exponents are

y=24 = ’9y|
A, =27 = 3¢l

Therefore all symmetries preserving the monomials  and y are powers of g,
and g, respectively. All symmetries preserving z are powers of g, and powers

of g. composed with o.
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f g= | |g| | versal monomials | notation
$3+93+Z4 € Ups Ja 24 T _
Gy 24 y _
92,09- | 9 z _
95,95 | 8 T,y Usa/Zs
Uiz/Zs

The singularity Uyo/Zg has deformation and partial derivatives

F, = 2+y*+2'+By+ax
Foro = 322 4+
F,, = 3/*+8

_ 3
F,, = 42°,

so at any critical point we have z = (. Critical points occur whenever

a = w¥B, meaning the discriminant consists of three intersecting lines. A

generic line intersects the discriminant at three points, each of these points

corresponding to a singularity with orbit 2. Each component therefore cor-
Wy

responds to critical points of type 243 to satisfy X, = uZ—i. This can

Way,

also be seen from the z* monomial in f which is not deformed by F,.

9245

ON

—8
w

-8 U
v

-8
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Take U,V,W above to be the unknown intersection numbers, and denote
U = u and so on. We may assume the relation between the cycles is e; +
es+ Keg = 0, where eq, es, e3 are cycles corresponding to generators hy, ho, hs
where h; is the leftmost generator and others are labelled anticlockwise in
the diagram. Taking the intersection of this condition with each cycle in turn
gives a system of simultaneous equations from which two unknowns may be
eliminated, and which yields another condition.

The hyperbolicity implies |U| > 8,|V| > 8,|W| > 8, and we look for
U, V,W € Z (eg) such that all relations are satisfied.

Writing generators explicitly in the chart ey, e, we use similar methods
to those used for Q19/Zs on page 85 to calculate the intersection numbers

which are unique up to the usual ambiguities.

243

ON

The x'-cycles satisfy the relation e; + es + e3 = 0.
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4.3.15 Uy D 2%y + 9> + 2°

The Coxeter element and basic equivariants are given by

C(z,y, z) (wx,wy, i2)

92(, . % f) (—iw, iy, €162 —if)

gy(@.y, 2 f) = (—2,—y,e32—f)
) (1

(x Y,z f 618$ 59@/,&]1’ wf)

We have g, = LJ;C%, gy = C'%, g, = 1,O'5. Also, A, = 16 = |g.| and A, =
18 = |gy|- So all symmetries preserving the monomials = and z are powers
of g, and g, respectively. We find A, = 16 = 2|g,|, meaning symmetries

preserving y are powers of g, and powers of g, composed with ¢,.

f g= lg| | versal monomials | notation
y+yd+21elUn| g.,¢% | 18,9 2 —
o 16 T -
9%, gy 8 T,y Uss/Zsg
Lzgy | 8 Y, xy (Ur2/Zs)'

The singularity Uis/Zsg is isomorphic to the one done in the previous section.
The singularity (Uj2/Zs)" is not smoothable since its deformation is of

the form
Fg = yw('x? y’ >\) + Z4a

and a similar argument holds.

This concludes the classification.
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Chapter 5
Group presentations

The motivation for this chapter comes from the relationship discussed in [7]
between generalised braid groups and Shepard Todd groups [21]. There,
results are discussed regarding relations on the generators and details about
the centre of the groups. In this chapter we give an exposition of experimental
results due to the classification. These are similar in nature to those of [7]
and are described in a similar way, but some things turn out harder to prove

since in our case all the groups are infinite.

5.1 Derivation of presentations

We choose x = x’ so that our monodromy group has hyperbolic signature and
recall that k is the number of basic elements from the local ring appearing
in the g-versal deformation Fj,. Then M, C U(k —1,1) is a representation
of the fundamental group of the complement to the discriminant. It is the

image of the map
py (A E, %) = GL(k,C),

where as usual A and ¥ respectively denote the base of a versal deformation
and the discriminant. Following Zariski, choose a generic line and a generic

plane containing this line in the base of our versal deformation: L C P C A.
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For x € L but x € ¥ it holds that:
m(A\ X, %) =m(P\{PNX} *).

See for example [25]. We denote this group 7 (X'). Assume X has multiplicity
¢. Then we generate m;(X') with ¢ elements: loops without mutual and self-
-intersections which travel from x around distinct points of L N'Y (exactly
as we defined them in Section 2.2.3 and onwards). Such a loop set is called
distinguished. Denote them by 7,...,7, in the anticlockwise order as they
leave x. The relations between the generators may be read from P N3, and

we denote this set of relations B({7;}). The group then has presentation:

m(X) = (v, vl BH)) -

Remark 5.1. We observe from the classification that for invariant symme-
tries we have k = ¢, and for equivariant symmetries we have either k = ¢ or

k=+{¢—1. In all cases M, acts on a k& dimensional space.

We denote the generators p,/(7;) of M. by h;. Since the monodromy group
is a homomorphic image of the fundamental group of the complement to the
discriminant, all relations in B({7;}) must necessarily be preserved by p,,
meaning the generators of M, satisfy B({h;}). The generators of the group
M, are complex reflections and as such have finite order. We denote the set
of such relations F({h;}) = {hi* = 1,i = 1,...,¢}, where T is the order of
the only eigenvalue of h; distinct from 1.

In a style similar to [7], we construct a short exact sequence:
{1} = Py » m(2) 5 My — {1},

where P, is the kernel of the representation.

Definition 5.2. If non-generic points of P N ¥ are at most double points,

the group m(X’) will be called a braid group, otherwise a braid-like group.

This corresponds with the definitions of braid relations and braid-like re-

lations in Sections 2.2.2 to 2.2.4. Braid groups have generators satisfying
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braid relations, braid-like groups have generators satisfying braid relations
and braid-like relations.

We observe in all our cases that the group M,/ is an irreducible subgroup
of GL(k,C), so by Schur’s lemma its centre is cyclic and generated by scalar
matrices. We denote the centre of a group G by ZG. Consider the restriction
of the short exact sequence of groups to their centres, also giving a short exact
sequence [7]:

(1} = ZP, = Zm(2) X ZM, — {1},

Let C, denote an element C, = Hle ho(y, where the order of C, is taken
to be N (which has already been introduced) for a certain choice of . We

choose one such C, and call it C.
Proposition 5.3. The group ZM,, contains a power of C.

Proof. The centre of a braid group is generated by all elements of the form
(= (Hle 70(2-)>q where o is a permutation of the set {1,...,k} providing
an ordering of group generators +;, and ¢ is the smallest positive integer such
that the action of ¢ on the strands of the braid(-like) group is equal to the
identity.

Since p,s is a homomorphism, the element p,/((,) = (Hle o) T
C? € ZM,,. We choose one such element such that p,/({) = C?, for an
element C'.

O

We observe that this result does not depend on the choice of C, provided C'

is chosen to have order N.

Remark 5.4. Although Proposition 5.3 can be proved instantly by taking a

trivial power of C', the proof given allows us to make the following conjecture.

Conjecture 5.5. There are no elements in ZM,, other than those obtained

by taking power of C.

This implies that p;/l(ZMX/) = Zm (¥') and moreover |ZM,,| is finite. We
label the generators so that ¢ = id and C' = H].€

i1 hi. In each case the
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value of ¢ so that CY € ZM,  can be found experimentally. We make the
observation that ¢ depends only on the skeleton of the Dynkin(-like) diagram,
and values of ¢ for specific skeletons are given in Table 5.1. In each case where
the skeleton appears in the classification of discrete finite complex reflection
groups, the values of ¢ agree. For skeletons of diagrams that don’t already
appear in the literature, our values seem to generalise the previous results [7].
This is what allows us to make Conjecture 5.5.

In the invariant case, we construct a presentation consisting of all known
relations so far. Presentations are ended with “...” to indicate the possibility
of more relations. This possible incompleteness of our presentation means

the following consideration does not depend on Conjecture 5.5.
My = (hy, ..., h|B(h), F(h;),CN =1,...).
The projectivised version has presentation
PM, = (hi1,..., he|B(hi), F(h;),C?=1,...).

We must amend this definition slightly for the equivariant case. In the case
that the only linear monomial preserved by the equivariant symmetry is z,

we assume the basic equivariant has the form
b
gCE = 50”,

where £ may be (7, the involution from Section 2.1.3, or the identity. Then
we find experimentally that instead of IV in our above definition, we should

choose
, 1l Nn

“ e ord(€)

This is since g, = £0/(Wi=w2) where wy,w, are weights of f and z as

defined in Example 2.1. This leaves three cases in which more than one
linear term is preserved, namely FEi9/Z4, Q12/Z¢ and Uys/Zg, which may
be worked out directly using elementary matrix calculations with the group

generators. The following table indicates what value we should take for N’
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for each of the equivariant symmetric singularities, giving the presentation

M, = <h1, o el B(Ra), F(hy), O =1, .. >

Singularity | N’
Er2/Zy 36
E2 /75 | 36
E /7, 4
Q12/Zs | 15
FEw/7; 21
Wi /Zg 16
Who/Zg 15
Q12/Zy 9
Q12/Zs 12
Q12/Z4 12
U2/ Zs 8

As stated previously, in the invariant case we simply choose N’ = N. We
further define the following groups, for which these relations stated so far are

the only relations:

My = (I, el B(), F(h), Y =1)
PMy = (h,... hB(h), F(h),C" =1).

Conjecture 5.6. For each group in our classification, there exists an isomor-
phism of groups M,» = M,., and therefore also of the groups PM,, = PM,..

This is equivalent to saying the matrix group M, is a faithful representation

of the abstract group Mx"

Remark 5.7. The general philosophy is that a discrete group has few re-
lations, a non-discrete group has many. Since we know the projectivised
versions of our groups are discrete, we expect there to be few relations and

this allows us to make our conjecture.
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Remark 5.8. The projectivisations of all of the 2 dimensional groups do
indeed satisfy this conjecture since they are discrete subgroups of PU(1,1)
and are isomorphic to triangle groups acting on the Poincaré disk. These
will be discussed more in Section 5.1.1. The 3 dimensional groups that can

be identified within the literature in Section 5.1.2 also satisfy the conjecture.

We conclude this subsection with a further conjecture which is an immediate

corollary of Conjecture 5.5 and Corollary 2.19.

Conjecture 5.9. For each symmetry considered in this thesis, the resulting

monodromy group M, is a discrete subgroup of U(k —1,1).

Idea of Proof: We know from Corollary 2.19 that the group PM,, is discrete.
We find the projectivised group by taking the quotient by the centre

/ZMX/
My —— 5 PM,..

By Conjecture 5.5 ZM,. is finite, therefore the fibres of this map are finite.

5.1.1 2 Dimensional Groups

The group M, C U(k —1,1) C GL(k,C) acts on the space C¥ with appro-
priately chosen coordinates 2, ..., 2,1 so that M,, preserves the Hermitian

form —|zp]® + |21]* + - - - + |2k—1]>. In particular, M, sends the cone
—|z0* + |21 * 4+ - + |z]* < 0

into itself. Setting zy # 0 defines an affine chart in CP*~!, in which the cone

is given by
2

+oot

2
21 Zk—1
— < 1.

20 20

The projectivisation PM,, of M, acts on CP*~! preserving the projectivisa-
tion of the cone. In the affine chart zy, # 0 and its coordinates w; = z—g, this

means that the action of PM,, sends the hyperbolic ball

B={|wi]*+- +uw* <1} c CF!
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into itself.
For the rest of this section, we let k = 2 so that B = {|uy|* < 1} C C.

Definition 5.10. For a triple of positive integers r; < ro < r3 such that
% + % + % < 1, there is a triangle in the Poincaré disk H with angles 7/ry,
7 /rq, /73, which is unique up to isometry. The hyperbolic reflections in the
sides of the triangle generate a group D(ry, 73, 73) of isometries of H, called a

hyperbolic triangle group, which has the triangle A as fundamental domain.
Generating symmetries of this group are either holomorphic or anti-holomorphic.

Definition 5.11. We define the index 2 subgroup D (r1,79,73) C D(r1,79,73)
to be the subgroup consisting of holomorphic functions, and call it a holo-

morphic triangle group.
The fundamental domain A, is the union of two adjacent copies of A.

Theorem 5.12. The projectivised groups PM, coming from the two di-
mensional deformations in our classification are holomorphic triangle groups

D (ry,re,r3). Table 5.2 lists all such groups.

The angles forming the hyperbolic triangles arise not only from the symme-
tries but also from the weights of the parameters in the versal deformation
as defined on page 4. If the singularity has the alternative notation X ("1m2)
then the weights of basic invariants for the group X are equal to the weights
of parameters according to Section 2.2.6.

The quotient B/A is a sphere with 3 marked points corresponding to the
Z,, stationary groups. This space is isomorphic to the weighted projectivisa-
tion of the base of versal deformation. The orders of the marked points come
from the Picard-Lefschetz operators and the quasi-degrees of parameters in

the g-versal deformation (cf. Section 2.2.6).

Example 5.13. Consider the singularity FE4|Zg. Discussed on Page 55, the

Dynkin diagram is as follows.

A7 8 A



Table 5.2: Triangle Groups

Singularities Alt. Notation | ri,79,73
Eo|Zy A 2,3,7
Q10|Zs, Er4|Zsg AP 2,3,8
B/ Zyg 353’9) 2,3,9
Q12|Z1o Al 2,3,10
Z11|Zo Gém) 2,3,10
Ur2|Z1s Agu) 2,3,12
Q10|Z12, Er4|Zao B§3712) 2,3,12
Z13|Zq By 2,3,18
Sh1|Zg, Whs|Zs, Wha | Zg B§4’8) 2,4, 8
Wia|Zyo 355) 2,55
Ut2|Zsg B§6’6) 2,6,6
Evg/Zq GitY 2,7,14
Us2|Z1s Ggl) 3,4,4

The intersection matrix of this singularity is

( _8 588_1 )
@871 -8

and the Picard-Lefschetz operators are

1 0
ho=| = ), hy= .
0 1 —1 g

The projectivised version of this group acts on CP! with coordinate Z = (z :

1). The interior of the Poincaré disk H representing the points in the chart

o2 )() e

is given by

This simplifies to
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1
gg— 1

2 . \/§

Let p; be the projective point in this chart fixed by the generator h;. That

is, py is a solution of h;Z = Z. We find the only solution in our chart is

1
g1

p1 =

This is at the centre of our chart. The other solution is z = co. When we
find roots of heZ = Z, we find two solutions: z = 0, and z = g — 1. The

latter of these is inside the disk corresponding to this chart, so we choose
P2 =€ — 1.

We let pio, p1o1 denote fixed points of elements hihs, hihohy respectively in
this chart. We find

es(1 +iv/3)
P12 = T’

_ 5
P21 = Eqp-

The points mentioned are noted on the picture below, the fundamental do-

main A, is any of the 3 kites shown.
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P12

b1 Pp121 b2

5.1.2 3 Dimensional Groups

In [18] there is a survey of discrete, complex projective subgroups of PU (2, 1).

In particular it contains the Mostow groups

JP=AF=Rr =1
rp,k=<J,A,R: ’ >

A= (JR'J)% AR = RA

where permitted values for p, k are as follows.

p
k

Consider the family of groups arising in our classification:

)

PBE <h1’ o BY = hb = I = (hihohs)® = 1 >

(hhs)? = (hahy)?, hahghs = hshoha, hihs = hshy

where p, k are the following.
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p
k

Proposition 5.14. For such groups appearing in this classification, there

exists an isomorphism
Iy =PBy.

Proof. An isomorphism is

J - hghghl
A - hl
R - hg
O
This covers the groups
Q11|Z6 - Cg

Zy3|Ze = B;S,G’S)
Ei3|Zy = 0595)
Ev/Zy = B

We have so far been unable to identify other projectivised 3 dimensional
groups within the literature. In [18], there are two more families of pro-
jectivised three dimensional groups; one of which is well presented, and the
other has four generators. It is possible that these groups correspond to

groups appearing in this thesis, but no isomorphism is known.
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Chapter 6

Appendix

6.1 Diophantine equation solver

HHAR PR
# Program to solve Diophantine Equations #
# with four unknown variables to find #
R

# Declare variables
a:=’a’:b:="b’:c:=’c’:d:="d":
# Define conditions to check equal zero
condl:=<declare function>;
cond?2:=<declare function>;
# Set iteration bounds per variable (must be positive)
MAXP:=<declare constant>;
# Loop around all combinations of all values of each variable
# within range
a:=-MAXP: while a<=MAXP do
b:=-MAXP: while b<=MAXP do
c:=-MAXP: while c<=MAXP do
d:=-MAXP: while d<=MAXP do

# Output values of variables if conditions are satisfied
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if (cond1=0 and cond2=0) then print([a,b,c,d,condl,cond2]);
end if;
d:=d+1:
od:
c:=c+1l:
od:
b:=b+1:
od:
a:=a+l:
od:
# End of program

6.2 Approximate Diophantine equation solver

HHHHH R R R
# Program to approximate solutions to Diophantine Equations #
# with four unknown variables to find #
HHHHH R R R R

# Declare variables

a:=’a’:b:=’b’:c:=’c’:d:=’4d":

#Define polynomial

poly:=<declare polynomial>;

# Define constant polynomial should equal
value:=<declare constant>;

# Set iteration bounds per variable (must be positive)
MAXP:=<declare constant>;

# Greatest permitted error negative index

E:=<declare constant>;

# Loop around all combinations of all values of each variable
# within range

a:=-MAXP: while a<=MAXP do

b:=-MAXP: while b<=MAXP do
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c:=-MAXP: while c<=MAXP do
d:=-MAXP: while d<=MAXP do
# Output values of variables if conditions are satisfied
TEST:=evalf (abs(poly-value));
if (TEST<10"(-E)) then print([a,b,c,d,TEST]); end if;
d:=d+1:
od:
c:=c+1l:
od:
b:=b+1:
od:
a:=atl:
od:
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